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ABSTRACT: We discuss two ways in which one can study two-charge supertubes as compo-
nents of generic three-charge, three-dipole charge supergravity solutions. The first is using
the Born-Infeld action of the supertubes, and the second is via the complete supergravity
solution. Even though the Born-Infeld description is only a probe approximation, we find
that it gives exactly the same essential physics as the complete supergravity solution. Since
supertubes can depend on arbitrary functions, our analysis strengthens the evidence for the
existence of three-charge black-hole microstate geometries that depend on an infinite set
of parameters, and sets the stage for the computation of the entropy of these backgrounds.
We examine numerous other aspects of supertubes in three-charge, three-dipole charge su-
pergravity backgrounds, including chronology protection during mergers, the contribution
of supertubes to the charges and angular momenta, and the enhancement of their entropy.
In particular, we find that entropy enhancement affects supertube fluctuations both along
the internal and the spacetime directions, and we prove that the charges that give the
enhanced entropy can be much larger than the asymptotic charges of the solution. We also
re-examine the embedding of five-dimensional black rings in Taub-NUT, and show that
in different coordinate patches a ring can correspond to different four-dimensional black
holes. Last, but not least, we show that all the three-charge black hole microstate geome-
tries constructed so far can be embedded in AdSs x S3, and hence can be related to states

of the D1-D5 CFT.
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1 Introduction

The physics of two-charge supertubes is an essential ingredient in understanding the mi-
crostates of the D1-D5 system. Indeed, supergravity solutions for two charge supertubes
with D1 and D5 charges and KKM dipole charge are smooth in six dimensions and can
have arbitrary shape. Hence, they have an infinite dimensional classical moduli space,
which, upon quantization, gives the entropy one expects from counting at weak-coupling:
S — 27 /2N NG [17].

While this entropy is considerable, it is nowhere near the entropy of a black hole
with three charges: S = 27y/N1N5Np [8]. Hence, if one’s goal is to prove that in the
regime of parameters where the classical black hole exists one can find a very large number
of string/supergravity configurations that realize enough microstates to account for the
Bekenstein-Hawking entropy of this black hole [9-12], the entropy coming from two-charge
supertubes does not appear to be large enough.

However, it has recently been found that the humble two-charge supertube has more
to it than meets the eye: In a scaling supergravity background with large magnetic dipole
fluxes it can undergo entropy enhancement [13]. That is, if one uses the Born-Infeld action
to compute the entropy of a probe two-charge supertube placed in a background with three
charges and three dipole charges, one finds that such a supertube can have an entropy that
is much larger than that of the same supertube in empty space. The magnetic dipole-dipole
interactions between the supertube and the background can greatly increase the capacity
of the supertube to store entropy. Hence, the interaction with the supergravity background
can enhance (or decrease) the entropy coming from the fluctuating shape of a supertube.

As yet, the fully back-reacted solution corresponding to a supertube of arbitrary shape
has not been constructed and so the entropy enhancement calculation has only been done in
a probe approximation. Nevertheless, in the absence of the fully back-reacted solutions, one
can still pose a very sharp question, whose answer can tilt the balance one way or another
in the quest to understand whether the black hole is a thermodynamic description of a
very large number of horizonless microstates: “Do two-charge supertubes that are solutions
of the Born-Infeld equations of motion correspond to smooth solutions of supergravity once
the back-reaction is included?”

If the answer to this question is yes, then all the supertube microstates that were
counted in [13] give smooth microstate solutions of supergravity, valid in the same regime
of parameters where the classical black hole exists. Since the Born-Infeld counting might
give a macroscopic (black-hole-like) entropy, this would imply that the same entropy could
come from smooth supergravity solutions. Our goal in this paper is to show that the
Born-Infeld description of a supertube does indeed capture all the essential physics of the



complete supergravity solution and argue that the corresponding supergravity solution will
be smooth in the D1-D5 duality frame.

First, we establish that when one has both a Born-Infeld and a supergravity description
of supertubes in a three-charge, three-dipole-charge background, the two descriptions agree
to the last detail. As we will see, this agreement can be rather subtle. For example, a
supertube that is merging with a black ring appears to merge at an angle that depends
on its charges but when this merger is described in supergravity, the merger appears to be
angle-independent. The resolution of this rests upon the correct identification of constituent
charges and the fact that such charges can depend upon “large” gauge transformations.

Another important fact we establish is that the solutions of the Born-Infeld action
are always such that the corresponding solutions of supergravity are smooth in the duality
frame where the supertube has D1 and D5 charges. Indeed, upon carefully relating the
Born-Infeld and the supergravity charges, we will find that the equations that insure that a
supertube is a solution of the Born-Infeld action are identical to the equations that insure
that the corresponding supergravity solution is smooth.

One could take the position that our analysis here only implies the smoothness of round
supertubes, which have both Born-Infeld and supergravity descriptions. It is possible that
the wiggly supertubes (which, upon entropy enhancement, might give a black-hole-like en-
tropy) could give rise to singular solutions when brought to the supergravity regime. While
such a possibility cannot be fully excluded before the construction of the fully back-reacted
wiggly supertubes, we have some rather strong reasons to believe it is highly unlikely. In-
deed, if one investigates the conditions for smoothness of the supergravity solution and
compares them to the Born-Infeld conditions, one finds that both the supergravity con-
ditions and the Born-Infeld conditions are local. Hence, since any curve can be locally
approximated as flat, our analysis indicates that no local properties of wiggly supertubes
(like the absence of regions of high curvature) will differ from the local properties of round
or flat supertubes. Thus one has a very reasonable expectation that supertubes of arbitrary
shape will source smooth supergravity solutions.

In particular, if one considers supertubes of arbitrary shape in flat space, the solutions
of the Born-Infeld action always give smooth supergravity solutions [4, 5]. If one now
considers a three-charge, three-dipole charge solution containing supertubes whose wiggling
scale is much smaller than the variation scale of the gauge fields of the background, one
can perform a gauge transformation that locally removes the gauge fields and transforms
a portion of this supertube into a portion with many wiggles of a supertube in flat space.
Since the latter supertube is smooth, and since gauge transformations do not affect the
smoothness of solutions, this implies that the original wiggly supertube is also giving a
smooth solution.

Obviously the foregoing conclusion is restricted to the domain of validity of supergrav-
ity. If a supertube of arbitrary shape is very choppy, the local curvature will be roughly
proportional to the inverse of the scale of the choppiness, and hence if the choppiness is
Planck-sized then the curvature of the solution will also be Planck-sized. Such solutions
are thus outside the domain of validity of supergravity. The main conclusion of our analy-
sis is that supertubes whose wiggles are not Planck-sized will give smooth, low-curvature
supergravity solutions.



Our analysis does not establish whether the typical microstates of a certain black hole
will have high curvature or will be well described in supergravity. However, it does establish
that if the wiggles of the Born-Infeld supertubes that gave the typical microstates are not
Planck-sized, the corresponding supergravity solutions will not be either.

The second aim of this paper is to clarify several issues related to embedding of black
rings in Taub-NUT, and to the relation between the electric charges of the ring and those
of the corresponding four-dimensional black holes. We show that when embedding a black
ring solution in Taub-NUT one needs to use at least two coordinate patches. From the
perspective of one patch, the electric charges are the ones found in [14], and the ring
“angular” momentum along the Taub-NUT fiber (corresponding to the DO charge in four
dimensions) is given by the difference of the two five-dimensional angular momenta. The
entropy is given by the Er7) quartic invariant of these charges [15], as common for four-
dimensional BPS black holes [16].

From the perspective of the other patch, the charges and the Kaluza-Klein angular
momentum of the corresponding four-dimensional black hole are shifted, to certain values

L' The entropy of the black ring is

that have no obvious five-dimensional interpretation.
again given by the E7(7) quartic invariant, but now as a function of the shifted charges.
The two four-dimensional black holes corresponding to the black ring are related by a gauge
transformation, which shifts the Dirac string in the gauge potentials from one side of the
ring to another.?

A third result in this paper is to verify chronology protection when supertubes and
black rings are merged. While chronology protection is expected to be valid for this merger,
the way it works is subtle. We compute the merger condition between a supertube and a
black ring, and find that this condition depends on the position on the S? of the black ring
where the supertube merges. We also find that neither very large nor very small supertubes
can merge with the ring, for obvious reasons. If one varies the charge of the supertubes we
find that mergers happen when the charge lies in a certain interval: At one extreme the
supertube barely merges on the exterior of the ring while at the other it barely merges on
the interior of the ring.

We also discuss a subtlety in identifying the constituent charges carried into the black
ring by a merging supertube. We find that when the S* of the supertube curves around the
5?2 of the black ring horizon, the charge brought in by a given supertube must depend on the
52 azimuthal angle at which the supertube merges with the ring. Otherwise chronology
is not protected. It would be most interesting to see how this comes about in the full
supergravity merger solution.

The fourth aim of this paper is to present in detail, and to extend, the entropy enhance-
ment calculation of [13]. Our analysis establishes that supertube entropy enhancement can
come from supertube oscillation modes in both the internal space of the solution (7% in

!The asymptotic five-dimensional electric charge is the average between the four-dimensional electric
charges in the two patches.

2Note that we can also perform a gauge transformation that shifts the four-dimensional electric charges
to the asymptotic five-dimensional charges of the black ring [17]. The corresponding four-dimensional
solution has two Dirac strings in the gauge potentials



our calculations) and from oscillations of supertubes in the transverse spacetime directions.
We analyze entropy enhancement in black-ring backgrounds, in which the detailed com-
putation is more straightforward than in generic solutions with a Gibbons-Hawking base.
We find that, despite the presence of different (large) factors in the mode expansions, the
fluctuations in the plane transverse to the ring give a contribution to the entropy that is
identical to that coming from the fluctuations along the compactification torus.

If, as we expect, the enhanced entropy coming from these fluctuations will be black-
hole-like, and therefore the fluctuating supertubes will give the typical microstates of the
corresponding black hole, our analysis establishes that these microstates will have a non-
trivial transverse size. We believe it important to calculate the amount of entropy enhance-
ment coming from all the oscillations of the supertube. If the other transverse oscillations
are more entropic than the torus ones, this would suggest that five-dimensional supergrav-
ity may be enough to capture the typical states of the black hole. On the other hand,
if the torus and the transverse fluctuations are equally entropic (as hinted by our partial
analysis), the typical states will probably have a curvature set by the compactification
scale. Even if this scale is at the Planck scale, the microstate geometries constructed in su-
pergravity will give a pretty good approximation of the rough features of the typical states
(like the size, the density profile, the multipole moments). Hence the smooth microstate
geometries will act as representatives of the typical black hole microstates [13, 18].

We begin in section 2 by presenting the general three-charge three-dipole-charge so-
lutions in various duality frames that will be used throughout the paper. In particular,
we give these solutions in the type IIA frame where the three charges correspond to DO
branes, D4 branes and F1 strings (the DO-D4-F1 frame), and in the type IIB duality frame
where the three charges correspond to D1 branes, D5 branes and momentum (the D1-D5-P
frame). We also obtain in these frames (for the first time to our knowledge) the exact form
of the RR potentials when the base of the solution is a Gibbons-Hawking metric.

In section 3 we explore the regularity of the supergravity solutions corresponding to
two-charge supertubes with D1 and D5 charges placed in three-charge three-dipole charge
solutions. We find two local conditions that insure the absence of singularities near the
supertube profile.

In section 4 we study probe two-charge supertubes in general three-charge solutions:
black holes, black rings, and bubbling solutions with a Gibbons-Hawking base. We present
a detailed analysis of two-charge and three-charge supertube probes in the background of
a supersymmetric three-charge black ring. We also relate the supergravity and Born-Infeld
charges of supertubes, and show that the supergravity smoothness conditions derived in
section 3 agree with the ones derived from the Born-Infeld action. In section 5 we study
mergers of the supertube with the black ring and discuss chronology protection and black
hole thermodynamics during these mergers.

Section 6 contains an in-depth derivation of the entropy coming from oscillations of su-
pertubes, illustrating the entropy enhancement mechanism presented in [13] for black rings,
and general solutions with a Gibbons-Hawking base. Section 7 is devoted to conclusions.

In appendix A we give the details of the T-duality transformations of three-charge
three-dipole charge solutions in various duality frames. We also show how to compute the



RR potentials corresponding to these solutions in various duality frames. In appendix B we
take a decoupling limit for general three-charge three-dipole charge solutions in D1-D5-P
frame, which leads to an asymptotically AdSs x S x T geometry. This establishes that
all the black hole and black ring microstate solutions constructed so far are dual to states
of the D1-D5 CFT, and serves as a starting point for analyzing these microstates using
holographic anatomy in the context of the AdSs/CFT, correspondence [19]. In appendix
C we compute the angular momentum of a supertube in several three-charge backgrounds
and in appendix D we give the units and conventions used throughout our calculations.

2 Review of three-charge solutions

2.1 Three-charge solutions in the M2-M2-M2 (M-theory) frame

Three-charge solutions with four supercharges are most simply written in the M-theory
duality frame in which the three charges are treated most symmetrically and correspond
to three types of M2 branes wrapping three 7?%’s inside 7 [20]. The metric is:

ds?, = — (Z1Z2273) "5 (dt + k)* + (Z12223)% ds? (2.1)
1 1 1
+ (22252;)% (dai + dag)+ (212325 %)% (do? + dag)+ (212225 %)% (dwg + dzdy),

where ds? is a four-dimensional hyper-Kihler metric [20-22].> The solution has a non-
trivial three-form potential, sourced both by the M2 branes (electrically) and by the M5
dipole branes (magnetically):

A =AW Adas Adug + AP A dar Adag + AP A dzg A dayp. (2.2)

The magnetic contributions can be separated from the electric ones by defining the “mag-
netic field strengths:”

0 =gA") 44 <(dt27+k)> . I=1,2,3. (2.3)
I

Finding supergravity solutions for this system then boils down to solving the following
system of BPS equations:*

o) = x,00)
VQZ[ = %C]JK *4 <@(J) A (“)(K)> s (24)
dk + x,dk = Z;0".

In these equations, x4 is the Hodge dual in the four-dimensional base space, ds?, and
Cryx = |ersk|. If the four-dimensional base manifold has a triholomorphic U(1) isometry
then the metric on the base can be put in a Gibbons-Hawking (GH) form [28, 29]:

dsi=V~'(dy+ A)?+Vdy-dy, (2.5)

3This metric can have regions of signature +4 and signature —4 [23-27], and for this reason we usually
refer to it as ambipolar.

4These equations also give supersymmetric solutions when the T is replaced by a Calabi-Yau three-fold,
and Crjk is replaced by the triple intersection numbers of this three-fold.



where V is a harmonic function on the R? spanned by (y1, %2, y3) and V x A =VV. For
such metrics, the BPS equations (2.5) can be solved explicitly [14, 30]. The most general
solution can be written in terms of eight harmonic functions (V, K!, Ly, M) on the R? base
of the GH space.® It is convenient to introduce the vielbeins:

L=V (dp+ A), & =Vidy®, a=1,2,3, (2.6)
then one has
5 1
o) — Zl V KI)) <A1 Aot 4 2 > Cate bt A Ac+1> ‘ (2.7)

The three gauge fields, AU), can be written as
1
AD = ) _ ﬁ(dt + k), (2.8)

where

BO =vAK! (dy+ A)+ 0 -dij,  Vx W =-VK' (2.9)

The functions Z; and the angular momentum one-form k are given by

Zr = CIQ"K KJ;(K + L, k=p(dp+ A)+3-dy, (2.10)
where Cryk KTK'KX  K'L;
== 7t 5y M (2.11)
and & satisfies the equation
6xﬁ:V6M—M6V+% (KfﬁLl—LﬁKf). (2.12)

This solution can describe five-dimensional black holes, circular black rings and supertubes,
as well as smooth “bubbling solutions” and an arbitrary superposition of these objects.
Upon compactifying to four dimensions, all these reduce to BPS multi-center black-hole
configurations [35, 36] of the type first considered in [37].

The harmonic functions are usually chosen to be sourced by simple poles:

V= 17 —_— _J
60 + Z r 9 ffo + Z re
j=1"" =17 2.13
Ly=1} L M = —
Jj=1 7j=1
where r; = |y — ;| and N is the number of centers. We think of the residues of the

poles of these functions as defining the GH charges of the corresponding solution. As was

®For M-theory compactifications on a generic Calabi-Yau three-fold the number of harmonic functions
will be 2h™" + 2. See [34] for a discussion of such solutions.



discussed in [38], gauge transformations and spectral flow can reshuffle these charges, but
this produces physically equivalent solutions.

A necessary (but not sufficient) condition for the solutions to be free of closed
timelike curves (CTC’s) is to satisfy the “integrability equations,” or “bubble equa-
tions,” [24, 25, 37

N L 3
Z M = 2(eom; —moq;) + Z koll - lokj (2.14)
R =1

where (QZ ]Qﬁ is the symplectic product® between the eight-vectors of charges at the points
i and j

3
(QilQj) = 2(mjqi — qyma) + Y (k] — K[1]) (2.15)
I=1

For smooth solutions with multiple GH centers the parameters of the solution must also
satisfy the additional regularity constraints:

J1.K 11.27.3
i G Kk m»—Lkﬂk] (2.16)
J o) ) ’ ’
2 q; 2qj

These are required to cancel the singularities in Z; and p and with these choices the
integrability equations (2.14) reduce to the bubble equations considered in [24, 25].

One can arrange for the global absence of CTC’s by requiring that there is a well-
defined, global time function [25]. This is much more stringent than the bubble equations
(which only eliminate CTC’s in the neighborhood of the GH points) and means that the
following inequality should be satisfied globally [24, 25]:

212523V — 1i*V? — |w|? > 0. (2.17)

This condition is very hard to check in general and usually has to be checked numerically
for particular solutions.

As we mentioned earlier, in order to study two-charge supertubes in backgrounds like
those presented here, it is useful to dualize to a frame in which the two-charge supertube
action is simple. One such frame is where the three electric charges correspond to DO
branes, D4 branes and F1 strings and the supertube carries DO and F1 electric charges
and D2 dipole charge [1]. On the other hand, in order to study the supergravity solutions
describing supertubes in black-ring or bubbling backgrounds, it is useful to work in a
duality frame in which the supergravity solution for the supertubes is smooth. In this
frame the electric charges of the background correspond to D1 branes, D5 branes, and
momentum P, and the supertube carries D1 and D5 charges, with KKM dipole charge. We
therefore dualize the foregoing M-theory solution to these frames and give all the details
of the solutions explicitly.

5This product is sometimes called the Dirac-Schwinger-Zwanziger product.



2.2 Three-charge solutions in the D0-D4-F1 duality frame

Here we will present the three-charge solutions in the duality frame in which they have
electric charges corresponding to DO branes, D4 branes, and F1 strings, and dipole charges
corresponding to D6, D2 and NS5 branes. We use the T-duality rules (given in appendix
A) to transform field-strengths. It should be emphasized that our results are correct for
any three-charge solution (including those without a tri-holomorphic U(1) [41]), however,
finding the explicit form of the RR and NS-NS potentials (which is crucial if we want to
investigate this solution using probe supertubes) is straightforward only when the solution
can be written in Gibbons-Hawking form.

Label the coordinates by (z°,... 28 2).7 The electric charges N1, Ny and N3 of the
solution then correspond to:

Ni: DO  Ny: DA(5678)  Njz: F1(2) (2.18)

where the numbers in the parentheses refer to spatial directions wrapped by the branes
and z = z'°. The magnetic dipole moments of the solutions correspond to:

ny : D6 (y5678z2) ny : D2 (yz) ng: NS5 (y5678), (2.19)

where 3 denotes the brane profile in the spatial base, (z',...,2%). The metric of the
solution is:

NS
%%ﬁ:ZJZZﬁ+k+v&%@ﬁ 12d+M% w2 + da? + da? + da?) .

(2.20)
The dilaton and the Kalb-Ramond fields are:
1 z3
d=-1 L B=—dtNdz—A® Adz. 2.21
1 Og<Z2Z§>’ Ndz Ndz (2.21)
The RR field strengths are
7 1/4
2 1 =4 2 2
FO = _F) FU:—<ﬁ29 x5 (FOYAdz, (2.22)

where we define FU) = dAD) and *5 is the Hodge dual with respect to the five dimen-
sional metric:

1
dst = —————(dt + k)* + \/ Z, Zods? 2.23
c st 2t 22

The foregoing results are valid for any three-charge solution with an arbitrary hyper-Kéahler

base. As we show in appendix A, when the base has a Gibbons-Hawking metric one can
easily find the RR 3-form potential:

CO = (Ca+ VKM QY Adz — (Z7 (dt+ k) A BY +dt A AP) Ndz,  (2.24)

where {al and (, are defined by equations (2.9) and (A.36). Thus we have the full three-
charge supergravity solution in the D0-D4-F1 duality frame. In section 4 we will perform
a probe analysis in this class of backgrounds using the DBI action for supertubes with D0
and F1 electric and D2 dipole charge.

"See appendix A for more details about the brane configuration that we use.



2.3 Three-charge solutions in the D1-D5-P duality frame

One can T-dualize the solution above along z to obtain a solution with D1, D5 and mo-
mentum charges:

Ny: D1(z)  Ny: D5(5678z)  N3: P(2) (2.25)

and dipole moments corresponding to wrapped D1 branes, D5 branes and Kaluza Klein
Monopoles (kkm):

ny : D5 (y5678) ny : D1 (y) ns : kkm (y5678z) . (2.26)

The metric is

1 Z3 2
ds?ip = ———— (dt + k)? + \/Z1 2 ds? + —=2— <dz + A<3>) 2.27
IIB ng ( ) 4 \/m ( )
VA
+4/ 71 (dz? + dzf + dz? + dz}) (2.28)
2
and the dilaton and the Kalb-Ramond field are:
1 71
o =-1 — B=0. 2.2
50 (7 ) 0 (2.29)

The only non-zero RR three-form field strength is:

0 " (o) @
FO® = _ xs (FO) = FO A (dz - 4®) 2.30
(zin) = : 230
If we specialize our general result to the supersymmetric black ring solution in the D1-D5-P
frame then it agrees (up to conventions) with [42]. It is also elementary to find the RR
two-form potential for a general BPS solution with GH base in D1-D5-P frame. This can
be done by T-dualizing the ITA D0-D4-F1 result (2.24), to obtain:

c@ — <ga + V*1K3§§1>> 0@ - (Zgl(dt + &) ABWY 4+ dt A A<3)> (2.31)

+ AW A (A —dz — dt) 4 dt A (A% —dz), (2.32)

where again 5&1) and (, are defined in equations (2.9) and (A.36). This is the full three-
charge supergravity solution in the D1-D5-P duality frame. As shown in [5], two-charge
supertubes in flat space are regular only in this duality frame, so our general result can be

used to analyze the regularity of two charge supertubes in a general three-charge solution.
This will be the subject of the next section.

3 Regularity of supertubes in supergravity

3.1 Constraints from supertube regularity

Consider the D1-D5-P solutions in which one of the centers has vanishing GH charge, and
non-trivial D1 and D5 electric charges. Generally such a solution is not regular and can



have a horizon or a naked singularity. However, the solution will be regular if one arranges
the charges at this point to be those of a two-charge supertube.

Suppose that at r; = 0 we have a round two-charge supertube with one dipole charge.
We take the latter to be k3 and so we have k} = k = 0 and [$ = 0. This means that in
the neighborhood of a two-charge supertube at r; = 0, we must have:

Zr~0@rY, I=1,2; V, Z3 ~ finite.. (3.1)
The six-dimensional metric in IIB frame can be re-written as:

7 2
ds? = (dt + k) +\/Z1 22 ds? + —=2— <dz + A(3)) . (3.2)

1
Zg\/leQ \/ZIZ2

To check regularity along the supertube one must examine potential singularities along

the v-fiber by collecting all the (dy + A)? terms in (3.2):
(2125) 2 V2 (235 (K%)? = 2uVK® + 7, Z5V] (dip + A)?. (3.3)
For regularity as vy — 0, one must have:

Jim i [Z3 (K*)? = 2uVK® + 21 Z,V] = 0. (3.4)
Next there is a potential problem with CTC’s coming from Dirac strings in w. For w
to have a Dirac string originating at 71 = 0, the source terms in the equation for & must
have a piece that behaves as a constant multiple of ﬁ% To examine this, it is easier to
use (2.12) and recall that Z3, K', K? and V are finite as 71 — 0. Thus the only sources of
“dangerous terms” are Vﬁ,u and ZgﬁKg. Since V' and Z3 are finite at r; = 0, there will
be no Dirac strings starting at r; = 0 if and only if:
lim 7 [Vp—2Z3K*) = 0. (3.5)
r1—0
The two conditions, (3.4) and (3.5), guarantee that the supertube smoothly caps off
the spatial geometry and are the generalization to three-charge three-dipole backgrounds
of the conditions for smooth cap-off in [5].
One can massage these conditions using (3.5) to eliminate all the explicit K3 terms
in (3.4). The condition (3.4) may then be written as

lim r2Q=0. (3.6)

r1—0

where Q is the E7 invariant that determines the four-dimensional horizon area [14, 15]:

Q = Z1ZyZ3V — 12 V7?2 (3.7)
1 1
= —M?V? = S M CryxK' K K* ~ MV K Ly - § (K'Ly)’

1 1
+6VCIJKL[LJLK + ZCIJKC[MNLJLKKMKN . (3.8)
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We will therefore refer to (3.6) as the quartic constraint. Note that the right-hand side
of (2.12) is the quadratic Er invariant, and so we may view (3.5) as the “quadratic con-
straint.” It is, however, convenient to rewrite this constraint by eliminating p from (3.4)
using (3.5). One then obtains:

lim r{ [VZ1Zs — Z5 (K*)?] =0. (3.9)

r1—0

We will use (3.5) and (3.9) as the independent constraints because they are simplest
to apply.
1
In flat space the supertube solution has V = =, K! = K? = 0 and Z3 = 1, and
r
equation (3.9) determines the radius of the supertube in terms of its charges, and (3.5) fixes

the parameter mj of (2.13), and thus determines the angular momentum of the supertube

in terms of its radius and charges.

3.2 Supertube regularity and spectral flow

As explained in [38], one can obtain a solution with a supertube inside a general three-
charge solution by spectrally flowing a smooth horizonless bubbling solution.® Since spec-
tral flow is implemented by a coordinate change in six dimensions, it cannot affect the
smoothness or the regularity of the solution. Equivalently, regularity is determined by
placing conditions on quadratic and quartic F7 invariants, and as shown in [38], these are
invariant under spectral flow transformations.

We therefore expect that the equations that determine the smoothness of super-
tubes, (3.4), (3.5) and (3.9), should be related by spectral flow to the equations that
determine the smoothness of a usual bubbling solution. Indeed, consider the spectral flow

transformation (see [38] for more detail):

V=V+4+yK*,  K'=K'-~yL,, K’=K?>—~L;, K=K (3.10)
Zq:Ll, EQZLQ, Z;»,:L;»,—nyM, M:M, (311)
with
q1
=——. 3.12
(i (3.12)

This transformation maps a GH bubbled solution to a GH bubbled solution with a super-
tube at 71 = 0. Under this spectral flow one also has:

_ 1% ~ 1% ~ Vv Z1Z2>

Z == - Z, Z = - Z, = - - — 5 313
! <V> ' ? (V) 20 (V) (“ v (8.13)

~ 1% 7175

Z — |z 2 Z=22) —2+4u. 3.14
3 <V> 3+ < - ) Vit (3.14)

8See also [39, 40].
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In the usual bubbling solution, regularity requires that the Z; are finite and p — 0 as
r1 — 0. In the solution with the supertube one can use this and (3.14) to verify that:

. - -~ , V712 K3
1 [v _7Z Kﬂ — 1 d 1+~y—). (315
sy | Ve = 23 v Jim ( 5 > ( + V) (3.15)
D L) R BV 2 2 207-3\2
hmO ] [VleQ — Z3 (K”) } = hm0 r = (V2 =~2(K%)%) . (3.16)
r1— T1—

Both of these vanish by virtue of (3.12) and the finiteness of the Z; and V oas r — 0.
Hence, the equations determining the smoothness and regularity of two-charge supertubes
are related by spectral flow to those determining the smoothness and regularity of usual
three charge bubbling solution.

4 Supertube probes and mergers in BPS solutions

We now turn to the description of supertubes in terms of the Dirac-Born-Infeld (DBI)
action. Our purpose is four-fold: to show that the supertubes that are solutions of the DBI
action back-react into smooth horizonless geometries; to identify the Born-Infeld charges
of supertube with those of the corresponding solution with a Gibbons-Hawking base; to
facilitate the analysis of chronology protection in section 5, and to set the stage for the
entropy enhancement calculation in section 6.

We begin with a review of supertubes in the background of a three-charge rotating
BPS (BMPV) black hole [43, 44], and then extend this to a black ring, and to more
general three-charge backgrounds. The first goal is to show that the Born-Infeld calculation
captures the same essential data that is given by the regularity conditions of the fully back-
reacted supergravity solution. We will also show that the Born-Infeld analysis and exact
supergravity analysis give the same merger conditions for supertubes with black rings.

4.1 Supertubes in a three-charge black hole background

As a warm up exercise, we first consider a probe supertube with two charges and one
dipole charge in the background of a three-charge (BMPV) black hole. This example was
considered in [43, 44] and was generalized to a probe supertube with three charges and
two dipole charges in [45]. The full supergravity solution describing a BMPV black hole on
the symmetry axis of a black ring with three charges and three dipole charges was found
in [20, 30], and a more general solution in which the black hole is not at the center of the
ring was found in [46]

First, we need the BMPV black hole solution in the D0-D4-F1 duality frame. The
metric (in the string frame) is:

1 .
ds?y = ~ 777 (dt + k) + /212, (d,o2 + p? (d192 + sin? ¥¢? + cos? ﬂdgpg))

NIAVA | Z
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and the dilaton and the Kalb-Ramond field are given by:

1 4 —1 -1
Q):ZlOg(ZQZ??) , B=(Z; —1)dt Ndz+ Z5 kNdz. (4.2)

The non-trivial RR potentials are:

CW = (z7 = 1)dt+ 27k,  CB) = —(Zy—1)p* cos® 9dpy Ndipg Adz+ Z3 tdt Nk Adz
(4.3)
The one-form k and the functions Z; are given by

k = kidp1 + kadpy = p—JQ(sin2 VIdpy — cos® Vds) Zr=1+ % , (4.4)
where J is the angular momentum of the black hole. The charges, @1, Q2 and Q3 corre-
spond to the respective DO brane, D4 brane and F1 string charges of the black hole.

This solution is indeed a BPS, five-dimensional, rotating black hole [47] with an event
horizon at r = 0, whose area is proportional to \/Q1Q2Q3 — J2. For J? > Q1Q2Q3 the
solution has closed time-like curves and is unphysical.

We will denote the world-volume coordinates on the supertube by &Y, ¢! and &2 = 6.
To make the supertube wrap z we take ¢! = z and we will fix a gauge in which £ = ¢. Note
that z € (0,27 L,). The profile of the tube, parameterized by 6, lies in the four-dimensional
non-compact R* parameterized by (p,, @1, ¢2) and for a generic profile all four of these
coordinates will depend on 6.

It is convenient to use polar coordinate (u, 1) and (v, p2) in R* = R? x R?, where the

R* metric takes the form:
dsi = dp?® + p* (d¥? + sin® Vdp] + cos® Vdp3) = du® + u’dp] + dv® + v?dys . (4.5)

There is also a gauge field, F, on the world-volume of the supertube. Supersymmetry
requires that F essentially has constant components and we can then boost the frames so
that Fip = 0.

In this frame supersymmetry also requires F;, = 1 [1]. For the present we take

2ra'F = F = Fdt ANdz + Foedz A dO, (4.6)

where the components are constant. Keeping F;, as a variable will enable us to extract
the charges below.
The supertube action is a sum of the DBI and Wess-Zumino (WZ)actions:

S =—Tpy / d3§eq’\/ —det (éab + Buy + J—“ab> + Tpo / d3¢ [é@ +COA(F+ E)] ,
(4.7)
where, as usual, G, and By, are the induced metric and Kalb-Ramond field. We have
also chosen the orientation such that ¢;,9 = 1. It is also convenient to define the following
induced quantities on the world-volume:

Ay = 0uud,u + u23uap18wp1 + vy + UQBML,OQ@VLPQ v Yu = k10,01 + k20,02, (4.8)

where 0, = a%.
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After some algebra, the DBI part of the action simplifies to:

1 7 1/2
Somr=—Toa [ dttsat] 2y (Fa—ro(Fi—0)"+ 200 20-Fi) - 2a(Fe-17 ]}
1
(4.9)
while the WZ piece of the action takes the form
_ Yo 1
Swz =Tps | dtdzdb (1 — ftz)_ +Fo|l=—-—-1 . (4.10)
Z Z1
For a supersymmetric configuration (F, = 1) we have
Sr.=1=Sppr+Swz = —Tpg/dtdzde Fro (4.11)
The foregoing supertube carries DO and F1 “electric” charges, given by
Tpo 1 oL
NST = 22 / dzdOF ., NST = _— [ ap 4.12
! Tpo ’ K Ty 0F. Fio=1 ( )
The Hamiltonian density is:
oL oL
HlF.=1 = [ Fiz — E} =TpaF.9+ 5 . (4.13)
' 0F. Fro=1 OFt: Fiz=1

One can easily integrate this to get the total Hamiltonian of the supertube’ (we assume
constant charge density F.g)

/ dzdf H|z,.—y = NJT + N§T. (4.14)

Thus the energy of the supertube is the sum of its conserved charges which shows that the
supertube is indeed a BPS object.
Now choose a static round supertube profile u' = v' = ¢}, =0, ¢1 = 0. One then has:

2

u
i A (4.19
and the supertube “electric” charges are:
7 2
N = n$T Fuy N§T = nsT 220 (4.16)
fz@
So we find
NPTNST = (5122 Zy . (4.17)

This is an important relation in that it fixes the location of the supertube in terms of its
intrinsic charges.

9See appendix D for details about our units and conventions.
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This computation was used in [43] to study the merger of a supertube and a black hole.
In particular, a supertube can merge with a black hole if and only if leTN?:qT < (ngT)QNg,
where Ny is the number of D4 branes in the black hole. Moreover, the supertube will
“crown” the black hole at “latitude”, ¥ = «, given by:

ST n\ ST
Nl N3

sino = — & .
(n5T)2Ny

(4.18)

One can also show that one cannot violate chronology protection by throwing a supertube
into the black hole, that is, one cannot over-spin the black hole and that the bound J? <
N1 N5 N3 is preserved after the merger.

4.2 Supertubes in a black-ring background

We now repeat the foregoing analysis in the background of a supersymmetric black ring
where there will be new physical effects due to the interaction between the dipole charges of
the black ring and the dipole charge of the supertube. We will also examine the symmetric
merger of the supertube with the black ring and show that chronology protection is not
violated. In section 4.4 we will perform a more general analysis by considering a probe
supertube that has three charges and two dipole charges.

4.2.1 The black-ring solution

The three-charge, three-dipole charge black ring solution [20, 30, 42, 48, 49] in a ITA duality
frame where the ring has D0, D4 and F1 electric charges and D6, D2 and NS5 dipole charges
is given by:

ds® = —(Zo20) V225 M (dt + k)2 + (Z220)V2ds2a + (2220)2 25142 + 2, 7 217 ds2,

2t = 7, P73 g (4.19)
B = (Zy' —1)dt Ndz + Z37 'k Adz — B® A dz,

for the NS-NS fields, and

oW = (z7t = 1)dt + z7 'k — BW, (4.20)
C® =zt ANk ANdz — Z3 Y dt 4+ k) A BYD Adz+ BO Adt Adz —y Adz, (4.21)

for the R-R fields. The one-forms, BY), are the potentials defined in section 2.1 with
dBD) = @), These fields are the magnetic sources of the ring. The two-form, 71,
must satisfy:

dyy = %4dZy — BY A0 (4.22)

We use the canonical coordinates that are adapted to the symmetries of the black ring
in the flat metric of the R* base [48]:

y R? dy? da?
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We will also use the orientation: €,;,,,, = 1. In these coordinates, the black ring horizon
is located at y — —oo. It is useful to recall that the change of coordinates:

u? +v? — R? u? +v% + R?
) Yy=-
V(= R?+0?)((u+ R)* +0?) V(= R?+0°)((u+ R)* +v?)
(4.24)
takes one back to the standard flat metric on R? x R? (4.5) parameterized by (u, 1) and

r=—

(v, p2) with the ring horizon at u = R,v = 0.
The warp factors Z; are
Qr

lel+ﬁ(~"3—y)

~ Curk q’q”

where Q; are what we refer to as “constituent charges” of the black ring, and differ from

the charges measured at infinity. The angular momentum vector is given by

k = kidp1 + kodyps (4.26)
= — (" -1)(Clx+y)+ D)= Ay + 1)) dp1 — ((z* = 1) (C(z + y) + D)) dipy

with A = (¢' + ¢* + ¢*)/2, D = (¢'Q, + ¢’Qy + ¢*°Q3)/8R? and C = —¢'¢*¢*/8R?. The
vector fields, BU), are given by

BO = L (y+ ddpr — (@ +)dpa) (4.27)

The constants ¢ and d are locally pure gauge and are not fixed by the equations of motion.
Indeed, because the ring carries a magnetic current there will Dirac strings in any attempt
at a global definition of BU). In the (u,v, @1, ps) coordinate patch, defined by (4.24), the
vector fields, BU), are potentially singular at either u = 0, or v = 0. To remove these
singularities we must have (y +d) =0 at v =0 and (x +¢) =0 at v = 0. From (4.24) we
see that this unambiguously requires d = +1 but that one has x = +1 for v = 0,u < R
and x = —1 for v = 0,u > R and so to remove the Dirac strings we must take:

d=+1, ¢=—1 inside the ring; d=+1, ¢=+1 outside the ring. (4.28)

The coordinates (z,¢2) in fact define a Gaussian two-sphere around the ring and the
choices (4.28) represent the familiar gauge field patches surrounding a magnetic monopole.
In the following we will set d = 1 and retain ¢ with the understanding that it is to be
chosen as in (4.28).

The two-form ~; in C® has the form v, = f(x,y)dp; A dpy where

Fla.y) = _@1 — Ty | 0 (1—zy)(z+y)

—d . 4.2
5 7y 1 — +cy —dz| + fo (4.29)

where fj is another integration constant. It is shown in appendix A that ~; satisfies (4.22).
We want to stress that our conventions are such that

Qr=N; and qr=mns (4.30)
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where N; and n; are integers and specify the number of “electric” and “dipole” D-branes
comprising the black ring. It is also useful to note that the angular momentum of the black
ring is related to its dipole charges by

J=4(g1 + ¢ +q@)R. (4.31)

4.2.2 The black ring as a solution with a Gibbons-Hawking base

Since Gibbons-Hawking (GH) geometries play an important role in bubbled solutions, and
in our discussion here, it is useful to re-write the foregoing solution in terms of these
geometries. The change of variables between the ordinary flat R* coordinates (u, @1, v, @2)
and the GH coordinates (¢, r, x, ¢):

1 u
r= (P4, x=Zatant, =3¢, b=—(pmte), (432)

and recall that u and v are related to  and y by (4.24). The metric in the new coordi-

nates is:
1
dsgs =7 (dip + (cos x + 1)dg)* + = (dr2 + 72dx? + r? sin? quﬁ2) (4.33)
T

The black ring solution is written in terms of eight harmonic functions V, L;, K! and
M [14, 30-33]. However, as we noted in the last subsection, the black ring has a monopolar
magnetic field and so we need two patches that are related by a gauge transformation.
Remembering that the vector potentials in solutions with a GH base are given by

BY = vIK (dy + A) + €, (4.34)

one can easily identify the K! that give these fields, and observe that changing the patch
from ¢c=—1 to c=+1 corresponds, in the GH solution, to the gauge transformation:

1
KI — KI—{—CIV, L[HL[—C[JKCJKK—§C[JKCJCKV, (4.35)
1 1
M — M—§CIL1+ECUK (VcIchK—i—?)cIcJKK) ,

with ¢/ = ¢’ /2. Thus, we can now completely specify the eight harmonic functions, once

we choose a patch. For ¢ = —1, we have
V = 1 KT = -
T ’ 2’7?— FBR‘ ’
Q; J J
Li=1+—""+—, M=- 4.36
L= Rl 16[7 — 75r] | 16K’ (4.36)
and for ¢ = +1 they become
1
V = KI - _% 2 )
r 2|17 —r|  2r
Qr+Crxrd’d™  Crxa’d"® J+4¢'Q +3¢'¢*¢  ¢'¢d
Ly =1+ — — , M=-— O —
4|7 — 7BR| 8r 16|77 — 7R 16r
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As noted earlier, these formulae define the GH charges of the black ring and these, in turn,
define the electric charges of the four-dimensional black hole corresponding to the ring. The
electric GH charges Q?H are four times the coefficients of the pole at the location of the
ring in the L; functions, the GH dipole charges q?H are minus two times the coefficients of
the pole in the K! functions, and the GH angular momentum J is minus sixteen times
the coefficient of the pole in M (we use the conventions of [14]). Thus, we have:

R R (13
for ¢ = —1 and
1 =Qr+Cukd’d™, T =a T =T+4d'Qr+3¢' ¢ (4.38)

for ¢ = +1.
The dipole charges are patch-independent, but the GH electric charges and the GH
angular momentum are gauge dependent notions, and are different in different patches.

This will be important in the following discussion.

4.2.3 Probing the black ring with two-charge supertubes

We now probe the black ring background with a two-charge supertube [1, 50]. The calcu-
lation proceeds in much the same way as for the supertube in a black hole background. As
before, we parameterize the tube by (¢, z,60), and define an a priori arbitrary supertube
profile in R* by #(6). Since we are ultimately going to consider a supertube that winds
multiple times around the ring direction it will be convenient to take 6 € (0, 27Tn*29T) where

S

n5 T will become this winding number. Thus the supertube will have a dipole charge pro-

portional to ngT, and two net charges proportional to leT and NfT. Its action is a sum

of a DBI and a WZ term

S =Sppr+Swz = —Tps / dtdzd@e*q)\/— det(éab + Eab + fab) (4.39)
+Tps / dtdzdo (@fg +CY(Bag + Fup) + C(By. + ftz)>

For the supersymmetric configuration one once again finds that F;, = 1 and if one
imposes this ab initio then one again obtains (4.11), (4.12) and (4.13) and hence the BPS
relation for the supertube. The expression for the derivative of the action with respect to

Fi. evaluated at F;, = 1 can be most convenient expressed as:
oL Wy 1+ Wy 3 1 R, o
z
(4.40)

where " denotes the derivative with respect to 6. As for the black hole [43, 44], one can rein-

Fi.=1

terpret this in terms of charge densities and arrive at a generalization of the constraint (4.17)
that relates the charges to the radius of the supertube. Note that the condition (4.40) is
local and to get a relation similar to (4.17) on has to integrate over the profile of the
supertube. There is an important new feature here in that there is a contribution from
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the interactions of the dipole charges of the supertube and background. This appears
through the pull-back of the BY) to the world-volume of the supertube and it gives an
added contribution to the basic supertube charges to yield what we will refer to as the
local effective charges of the supertube. We will show in section 4.4 that this also happens
when supertubes are placed in three-charge solutions with a GH base.

It is also important to remember that the Wess-Zumino action of the supertube is only
invariant under local small gauge transformations, but is not necessarily invariant under
large gauge transformations. Indeed, the black ring is a magnetic object, and as such the
gauge fields, BU) are not defined globally but on patches. Their values, and the value of
the supertube action, differ from patch to patch by what can be thought of as the effect of
a large gauge transformation.

More explicitly, the action depends on the Wilson lines of these gauge fields taken
around latitudes of the two-sphere that surrounds the black ring (which is the equivalent
of the sphere that contains a monopole charge). The value of these Wilson loops may then
be defined using Stokes theorem as the integral of the magnetic flux coming from the black
ring through the section of the sphere surrounded by the Wilson line. There is, however,
an obvious ambiguity: does one integrate the flux over the upper or the lower cap of the
sphere? The difference is, of course, the monopole charge inside the sphere multiplied by
the number of times the Wilson loop winds around the latitude circle. These ambiguities
will manifest themselves in the definitions of the constituent charges of the supertube.

To analyze the physics of the merger, we consider a supertube embedded in spacetime
along the curve g(0) given by:

p1=—0, 2 = vl (4.41)

x and y being at fixed values. The projections of the supertube in the (y,¢1) and (z, p2)
planes are circular, with winding numbers n57 and vn3’ respectively. For v = 0, the
supertube is circular and simply winds around the plane of the ring ngT times. For v=#£0,
the details of the winding depend upon the equilibrium position of the supertube. We also
assume, for simplicity, that the charge densities of the tube are independent of §. Under

these assumptions the condition (4.40) becomes:

) 1
NPT = ongTng (y+1 - v(x + c))} [foST =53 m (y+1-v(z+o)| =

R2
e (* — 1) +v*(1—2%) . (4.42)

We will call this equation the radius relation. Note that this equation is invariant under

(n57)" 2

the exchange of Ni,n; with N3, ns, as expected by U-duality. Comparing this constraint
to the one for a black hole background (4.17), we see that the charges of the supertube are
enhanced to their effective charges via the interactions of the dipole charges. This is an
important result that we will discuss further in the subsequent sections.

To get a better idea of the supertube configuration in the black-ring geometry it is

instructive to examine the supertube as it approaches the horizon (y — —o0). In this
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limit, the physical metric along the horizon becomes:
ds3 = (C?RY)'? | (64C2RY) ™ Md} + (do® +sin® o (dgy + dps)?) |, (4.43)

where we have set x = cos «, and the parameter, M, is proportional to the square of the
black-ring entropy
S =nVM, (4.44)

and is given by

M = 2n1n2W1N2 —|—2n1n3N1W3 —|—2n2n3N2W3 — (TLlNl)Q — (’I’LQNQ)Q — (’I’L3N3)2 —4ninaonsJ ,

(4.45)
where J is the “intrinsic” angular momentum of the ring, and is given by the difference
between the two angular momenta of the five-dimensional solution:

J=J1 —Jo = 4(711 + no + n3) R. (4.46)

The topology of the horizon is S? x S, but observe that for a supertube that winds
according to (4.41), the winding around the horizon is determined by

o1 = —0, p1+p2=—(v+1)0. (4.47)

The supertube thus enters the horizon by winding around the S but enters at a point on
the S? if and only if v = —1. Otherwise it winds around the S' and “crowns” the S? by
winding (v + 1) times around a latitude determined by z.

If we now examine the constraint (4.42) and send y — —oo the supertube will merge
with the black ring and the constraint (4.42) will become the merger condition:

NTny + NyTng — NonsT = n5Tnins((14¢) — (v + 1)(z + ¢)). (4.48)
More explicitly, this condition be written as:

NTny + N§Tng — NonsT = nyTning (v + 1)(1 — z) for e¢=-1. (4.49)
N{Tny + N§Tng — NonsT = n3Tning (2 — (v +1)(1 +2)) for c¢=+1. (4.50)

The relation (4.48) is simply the analogue of the equation giving the merging angle
for the supertube in a black-hole background (4.18). In particular, as depicted in figure 1,
it determines the value of x (which corresponds to an angular variable on the horizon)
at which a supertube with a given set of charges enters the black ring horizon. Since
—1 < x < +1, this restricts the permissible charges of supertubes that merge with a given
black ring.

We can see that the radius relation (4.42) and the merger condition (4.48) depend both
on the gauge choice (by an z-independent factor) and also on v + 1. We can understand
this gauge dependance in a physical way: the gauge choice corresponds to a choice for the
location of the Dirac string. In other words, the gauge dependance comes from the fact
that the tube feels the presence of the Dirac string of the background. Increasing x then
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Figure 1. Different black ring and supertube configurations for different values of the supertube
charges. In the first picture, the charges of the tube are too small, and hence the tube it is too
small, and passes inside the ring. In the second one, the tube is too large and passes on the outside
of the ring. In the third picture, the size of the tube is in the correct range for the merger to be
possible. The angle a of the merger depends on the tube charges according to (4.48).

corresponds to the supertube wrapping, for ¢ = —1, or not wrapping, for ¢ = +1 the Dirac
string, as can be seen in figure 2.

More precisely, if we choose ¢ = —1, that is if we choose the Dirac string to extend
from the ring location to infinity, then we can put the tube everywhere except on the Dirac
string. If we put it at © = 1, the ¢ circle becomes degenerate and indeed in (4.49) the v
dependance disappears. This is expected, because v + 1 is the winding number of the tube
around a contractible circle. When the size of this circle is zero, the winding should be
irrelevant, which is indeed what happens.

If we now change the location of the ring to approach x = —1 without changing the
gauge, the tube winds v + 1 times around the Dirac string; this winding is physically-
relevant, and hence, as expected, equation (4.49) depends on v when x — 1. However, if
we change the gauge to move the Dirac string to the inside of the ring, we can see that
when the tube is at = 1, where the ¢ circle is degenerate, the winding number is again
irrelevant; as expected the merger formula is again independent of v. We should also note
that for the particular value v = —1, the supertube never wraps the Dirac string, and
hence the merger condition does not depend upon x.

In section 5 we will examine the details of such a merger and discuss chronology
protection and black hole thermodynamics during mergers.

4.3 The black ring background: comparing the DBI analysis with supergravity

We now turn to the main purpose in this section: the relation between the merger conditions
obtained from supergravity and from the DBI analysis, and the relation between the GH
and the DBI charges of the supertube.

Let begin with the supergravity side. The supergravity solution corresponding to one
black ring and one supertube is given as usual the eight harmonic functions V, Ly, KT and
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Figure 2. The black ring (in blue) with supertubes (in green) at various positions in the R3 base
of the Gibbons-Hawking space. The black ring is point-like but the tube is point-like only if it lies
on the axis x = +1. Otherwise, it winds v+ 1 times the ¢ circle. On the left, the Dirac string starts
from the ring and extends to infinity. On the right, the Dirac string extends between the center of
the space and the ring location.

M. The poles of this functions at the location of the ring and of the tube are

@ JGH JGH,ST

2|7 — 7pR|’

K, = 2M = (4.51)

8|7 — Fpr| 8|7 — Fsr
where Q! are the GH charges of the black ring defined in section 4.2.2, and Q¢™:5T are
the GH charges of the supertube defined in the same way. Recall once again that the GH
charges depend upon the choice of patch, as in (4.37) and (4.38), and the GH charges of
both the ring and the tube transform consistently between the patches.
To obtain the merger condition from supergravity observe that the bubble (or inte-
grability) equations (2.14) contain a term in which the E7(7) symplectic product of the
supertube and black ring GH charge vectors is divided by their separation. Hence, these

objects only merge if this symplectic product is zero.! Explicitly, this gives'!

NSy NSy NGHRST = . (4.52)

Note that the GH charges of the ring and of the tube are gauge dependent, but the
symplectic product is invariant.

%0One could also imagine in principle the existence of a scaling solution, where the distances in R® between
the ring, supertube and the center of Taub-NUT go together to zero. In such a solution the ring and the
supertube would be spinning very rapidly in opposite directions, which is likely to introduce closed timelike
curves. We leave its exploration for future work.

1 As noted in (4.30), we have adopted a set of conventions in which the supergravity charges, Q57T are
the same as the integer charges.
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To compare the GH merger conditions (4.52) to the merger conditions obtained in the
previous section using the DBI action, one should recall that this condition describes only
those supertubes that correspond to point sources on the R? of the GH base. That is, the
supertubes are embedded into R* so as to wind around the GH fiber, and thus preserve the
same triholomorphic U(1) isometry as the black ring. From (4.41) and (4.32) we see that
the winding numbers of the supertube in the GH patch are given by (1,v+1). (Remember
that 1 has period 47.) Thus a supertube is point-like in the R? if and only if it has either
v = —1 or it lies on the polar axis with z = +1. We therefore restrict ourselves to mergers
with = 41 for any value of v, or mergers with v = —1.

For z = 1, we need to be on the patch ¢ = —1, and (4.48) gives:

N{Tny + NyTng — NonsT =0 . (4.53)
For x = —1, we need to be on the patch ¢ = +1, and thus have:
NTng 4+ N5 Tng — Non5T = 205 nyns . (4.54)
But using the relation (4.38), we can rewrite it as
NTny + Ny Tng — N§HnST =0 (4.55)

on both patches. The extra term in (4.54) is simply the shift in N induced by changing
patches. Thus, if we identify the DBI charge of the supertube with the GH charge of the
corresponding supergravity solution,

NPT = NGHST (4.56)

we have a perfect agreement between the supergravity approach (4.52) and the DBI ap-
proach (4.55).

The supertubes with v = —1 do not wrap the ¢ circle of the R? base of the GH space,
and thus are point-like in this base for any value of x, and they source a supergravity
solution with a GH base for any location. Moreover, since these tubes do not wrap the
Dirac string, the merger relations become z independent. Equations (4.49) and (4.50)
then become

N{Tng + N§Tng — NonsT = 0 for ¢=-1, (4.57)
NTny + N§Tng — NonsT = 2n5Tnins for ¢=+1, (4.58)

which once again can be re-written as
N{Tny + N§Tng — NGHnST = 0. (4.59)

Hence we arrive at the same conclusion as for supertubes at x = £1: the DBI charges of
the supertube give the GH charges of the corresponding supergravity solution:

NPT = NEHST (4.60)
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4.4 Black rings and three-charge two-dipole-charge supertubes

One can generalize the foregoing discussion of mergers to examine a three-charge, two
dipole charge supertube [43] merging with a generic black ring. This can be done both
in the probe approximation, using the DBI action, and in the exact supergravity solution.
This supertube is more general than the two-charge supertube, and although it does not
source a smooth supergravity solution in any duality frame, it can be used to study rather
more general classes of mergers.

The best duality frame to study this merger is that in which the three-charge supertube
is a dipolar D6-brane carrying electric D4, DO and F1 charges. We take our tube to be along
the (x1, 9, x3, 24, 2,7(0))), where ¢(0) describes a closed curve in the non-compact space.
As before, we take 0 € (0,27Tn*19T) with nfT being the winding number of the supertube
which is also its D6 dipole charge. We introduce world-volume electric fields: F,g, Fi., Fio
and F34. where Fp, and F.y generate the F1 and D4 charges respectively and Fi9 and F3y
are needed for the DO charge. The integer charges are given by

1
NPT = Npg = > / dO F.oF12Fs4 (4.61)
1
NgT = Npy = 5 / df F.y, (4.62)
Y
1 oL
NST — Npy = — 4.63
3 F1 2 aj:tz A ) ( )
’I’LgT = Np2 = nfo12f34 . (464)

Note that we can take the D4 dipole moments and D2 charges of the tube to be zero by
taking Fio and F34 to be traceless. Supersymmetry requires that F;, = 1 and Fi9 =
Fsza [43], and then one can show that

oL
H|F.=1,Fro=Fs1s = Tp6F20F12F34 + TpeF.o + OF , (4.65)
Lz | F.=1,F10=T34
or equivalently
/Cl‘lded(9 H‘ftz:17f12:.7'—34 = NiST + NéST + NéST ’ (4-66)

where H is the energy per unit five-dimensional volume.

As before, we will assume constant charge densities on the supertube worldvolume
and the interesting physical condition that generalizes (4.42) comes from the variation that
define the Fl-charge, N§7:

1 1
NyT — 5( g+ 08 n)(y+1—v(z + C))] [NQST - gnang(y +1-v(x+4o)| =

2

nyT (nfTZl + ngTZg) 5 (y* = 1)+ %1 —2?)). (4.67)

(z—y)

STNST = nSTNST | there is a symmetry between (D0,D6) and

(D4,D2) charges and dipole moments, as expected from U-duality. However since the tube

Note that, using n
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has no NS5 dipole moment, there is no exchange symmetry between the F1 charge and
other charges.

One can extract the merger condition from this as before and one finds that, for a
merger with a black ring, (4.48) generalizes to:

NS T +noNST+ng NJT —nfT N1 —n5T Ny = ns (nlngT + ngnfT) ((14c)—(v+1)(z+c)).
(4.68)

When the three-charge supertube respects the GH isometry (xr = +1 for any v or
v = —1 for any x), one can also describe this merger in supergravity. The solution is given
by the same harmonic functions as in (4.51), except that now K and Lo also have poles
at the supertube location:

GH GH,ST GH GH,ST
q7 2 2

4
- — = - — — ) L2
2|17 — pr| 2|7 — Fsr|

K, — (4.69)

— .

A7 —Tgr| 4|7 — s
One can see that equation (4.68) is equivalent to the vanishing of the E7(7) symplectic
product of the GH charges of the black ring and those of the three-charge supertube, and
hence the merger conditions obtained from supergravity and from the Born-Infeld analysis
of the three-charge supertube are the same. The subtleties associated to the dependence
of the charges upon the patch are identical to those for the two-charge supertube, and we
will not discuss them again.

4.5 Supertubes in a general solution with a Gibbons-Hawking base

We now consider two-charge supertubes probing a general three-charge BPS solution with
a Gibbons-Hawking base and we will again work in the D0-D4-F1 duality frame. The
general BPS solution with three charges and three dipole charges and a GH base is given in
sections 2.1 and 2.2 and we proceed as we did for the black-hole and black-ring backgrounds
in sections 4.1 and 4.2. We denote the supertube coordinates as &9, ¢! and ¢? = 6 and
consider the simplified case of a circular supertube along the U(1) fiber of the GH base:

=1, ¢l =z, 0 =1 . (4.70)

The supertube action (4.40) takes the explicit form

S = TDQ/d3§{ [(Z% - 1) Fop+ g—; + (Zﬂl = K71> (Fox — 1)} (4.71)
g [ = V(L = Fi) - ) + V21221~ Fr)2 - 21 - fw))]]m}.
1

For F;, = 1 the tube is supersymmetric and, as before, the Hamiltonian density is the
sum of the charge densities (4.13). Due to the supersymmetry there is a constraint similar
to (4.42), which determines the location of the supertube in terms of its charges

K3 K! Z
e [N = 08 ®72)

where the charges are still defined by (4.12).
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4.6 Gibbons-Hawking backgrounds: comparing the DBI analysis with super-
gravity

Equation (4.72) determines the position of a supertube in an arbitrary three-charge back-
ground with a triholomorphic U(1) isometry. Since both the supertube and the background
preserve this isometry, their fully back-reacted supergravity solution will have a Gibbons-
Hawking base, and its form is well-known. Hence, one can compare (4.72) to the corre-
sponding condition coming from the supergravity analysis of the supertube, and confirm
that supertubes that are solutions of the Born-Infeld action always give rise to smooth
supergravity solutions.

To do this, it is useful to remember that in any Gibbons-Hawking solution the singu-

larities in the harmonic functions Ks, L1, L3 and M at the supertube location are given
GH,ST ~GH,ST
1 » @3

and ¢57 and uses the asymptotic behavior of these harmonic functions near the supertube

by (4.51). If one now takes equation (3.9) for a supertube with charges

one obtains:

K3 K! 2 7
GH,ST S GH,ST S S 2
1 - QQZT7:| [ 3 - QQQT7 = (QQ T) Vo (4.73)

Since the supergravity GH charges, fH’ST, :?H’ST,qQST, are the same as the integer

NlG H’ST, Nf H’ST, ngT, one sees that this agrees exactly with the DBI calculation.

charges

It is interesting to observe that the DBI action only gives one equation of motion for the
supertube, (4.72), while the supergravity analysis of the supertube gives two independent
equations, that can be chosen to be any two of (3.4), (3.5) and (3.9). This is because in
the Born-Infeld analysis the inputs are the supertube charges and dipole charge, which
one first uses to find the embedding, and then one derives the angular momentum of the
supertube, J°T | from that solution.

By contrast, in the supergravity analysis the angular momentum of the supertube along
the Gibbons-Hawking fiber appears as the coefficient of the singular part in the harmonic
function M, and is one of the inputs of the calculation. Indeed, in supergravity one can
build “supertube” solutions for any value of Jr. However most of these solutions will be
singular: if Jr is too large the solutions will have closed timelike curves, and if Jr is too
small the solutions will have a naked singularity.'?> Only one specific value of Jp gives
a supergravity solution that is smooth and horizonless in the duality frame in which the
supertube charges correspond to D1 and D5 branes.

To find this value it is most convenient to use equation (3.4), and the expansion of
the harmonic functions (4.51) near the supertube location to find the supertube angular

momentum as a function of the supertube charges ?H’ST, gH’ST and dipole charge ngT:
GH,ST ArGH,ST
NP E N
GH,ST __ V1 3
J = 5T (4.74)

To obtain this equation from the DBI analysis one needs to calculate the angular
momentum of the supertube along the Gibbons-Hawking fiber. This calculation is partially

12Such a singularity might be cloaked by a Planck-sized horizon [51].
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shown in appendix C'® and gives

JST — NigTNéST

4.75
= (4.75)

This indicates that when supertubes are embedded in a solution with a Gibbons-
Hawking base, respecting the triholomorphic U(1) isometry of this solution, their Born-
Infeld analysis gives the equations needed for the fully back-reacted supergravity solution
of these supertubes to be smooth and free of closed timelike curves.

4.7 A comment on black rings in Taub-NUT and their four-dimensional
charges

An interesting by-product of our results in section 4.2.2 is that a given five-dimensional
supersymmetric black ring can be embedded in Taub-NUT [14, 32, 33] in many ways
depending upon the choice of the gauge field for the in the magnetic flux.!* We considered
patches and gauge choices that preserve the U(1) of the GH base and this still left a free
parameter, ¢, in (4.27). The two natural patches, with ¢ = +1 and ¢ = —1 have a single
Dirac string, and together they provide a complete cover of the solution. Other choices of
c split the Dirac strings into two parts, one at each pole of the S?. If one compactifies the
black ring down to a four-dimensional black hole then we saw that the electric charges of
the black hole are given by the GH electric charges at the ring location. We also saw that
the GH charges depended upon the choice of patch and if one uses the ¢ = +1 or ¢ = —1
then the black-hole charges are not the same as the electric charges, measured at infinity,
of the five-dimensional black ring.

Hence, from a four-dimensional perspective the black ring can correspond to an infi-
nite family of black holes, whose D2 and DO charges are related via the gauge transfor-
mation (4.35). The effect of this transformation is to introduce Wilson lines for the gauge
fields along the Taub-NUT circle at infinity, and to create or remove Dirac strings at the
north or south pole of the black hole. Nevertheless, even if the four-dimensional charges
depend upon the choice of gauge, the warp factors Z; and the symplectic products that
determine the metric, the field strengths, and the location of the black ring, are invariant
under (4.35).

One can also take a peculiar gauge with ¢ = 0 for which the solution has two Dirac
strings but for this choice the four-dimensional electric charges are the same as the asymp-
totic charges in the five-dimensional solution [17]. On the other hand, in this gauge the D0
charge is given neither by the five-dimensional “ring angular momentum” (which was the
difference between the two angular momenta in five dimensions), nor by the total angular
momentum in the plane of the ring, J; (as assumed in [53]), but rather it is given by
a combination of the five-dimensional charges and angular momenta that has no obvious
interpretation in five dimensions:

1, 3
Jomo = J1 — Jo + 5(1[@1 - Zq1q2q3- (4.76)

13For supertubes in R* in the presence of arbitrary charges and dipole charges
MFor the embedding of nonsupersymmetric black rings in Taub-NUT see [52]
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It is not hard to see that all the shifts of charges brought about by gauge trans-
formations leave the Ey(7) quartic invariant unchanged. The entropy of the ring is still
determined by this invariant [15], but now as a function of the shifted electric charges, and
the shifted angular momentum. Therefore, the entropy of all the four-dimensional black
holes related to the ring can be understood microscopically by an MSW analysis [54] that
is done without the shift of L. Hence, the observation of [17] that the five-dimensional
asymptotic electric charges of the black ring can be related to those of a four-dimensional
black hole does not solve the discrepancy between the two microscopic descriptions of black
rings'® [15, 53].

Our analysis thus establishes that the four-dimensional charges that one uses in the
FE7(7) quartic invariant to obtain the black ring entropy, depend on the choice of patch, and
one can switch between various charges (like the asymptotic charges of the ring and the
intrinsic charges) by gauge transformations. Nevertheless, this transformation generically
also changes the angular momentum parameter (or the DO charge). Therefore, in trying
to find the microscopic description of extremal non-BPS black rings (as was done recently
in [55]) one should not focus on the fact that a certain charge appears in the quartic
invariant, but rather on a gauge-independent concept like why, for a given choice of charges,
does a certain angular momentum parameter appear in the quartic invariant.

5 Chronology protection

Having obtained the condition under which a supertube and a black ring can merge, both
using the Born-Infeld description of supertubes, and (where appropriate) also using the
supergravity solution corresponding to the merger, we now turn to verifying that supertube
mergers preserve the physical properties of the black ring. For simplicity, and because it
is sufficient for capturing all the relevant physics of the merger, we will primarily focus on
circular embeddings for the tube (4.41).

5.1 Mergers of black rings with two-charge supertubes

We begin by considering the merger of a black ring with a two-charge supertube of arbitrary
shape. To do this one must first establish what shape can the supertube have when it
crosses the black ring horizon. Based on our intuition from supertubes merging with black
holes [43] we expect that the supertube will be parallel to the horizon, and that it should
not be possible to have a part of the supertube inside the black ring horizon and a part of
it is outside.

To see this we can analyze equation (4.40) and change variables to w = %; the merger
then happens at w — 0. After some algebra one can see that for w — 0 the leading
divergent term in (4.40) imposes the constraint %—Qé’ = 0, which implies that the supertube
is always tangent to the horizon when it merges to a black ring.

It is particularly important to examine the thermodynamics of mergers and see whether

by “throwing in” supertubes one could decrease the entropy of a black ring, or overspin

5One might get this impression from [17].
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it and introduce closed timelike curves (violating chronology protection). To do this one
must determine what are the charges that a supertube brings into a ring. As we saw in
the section 4.3, there are some subtleties in this determination and we cannot always add
the DBI charges of the supertube to the constituent charges, the N’s, of the ring. We have
learned that the DBI charges have to be identified with the GH charges of the supertube,
which are patch-dependent, and are not the same as the constituent ones. We have seen
this explicitly from the supergravity solution for concentric mergers (when =z = +1) or
alternatively when we take v = —1 so that the supertube does not wind around latitude
circles and crosses the ring horizon at a point on the S? of the horizon. We will first focus
on mergers where the supertube merges at a point on the S?, and discuss the other ones
at the end of this subsection.

The entropy of the black ring is given by S = mv/ M where M is defined in (4.45)

M = 2n1n2W1N2 —|—2n1n3N1W3 —|—2n2n3N2W3 — (n1N1)2 — (n2N2)2 — (’I’L3N3)2 —4ninongd .

(5.1)
Note that M is in fact the Er(7) quartic invariant and is therefore invariant under a gauge
transformation (4.35). In terms of GH charges of the ring, we have

M = 2n1n2N1GHN2GH + 2n1n3N1GHN§H + 2n2n3N2GHN3GH

—(nlNlGH)Q — (nQNQGH)Q — (ngNgGH)Q — 4n1n2n3JGH . (5.2)

From the analysis in the previous section, we know that the supertube DBI charges
correspond to GH charges, and thus should be directly added to the GH charges of the ring.

To keep the expressions simple we will take the three electric and the three dipole
charges of the black ring charges to be equal, we will also assume that the two electric
charges of the supertube are equal, namely:

Then we have

M =n%(3N? — 4n.J) (5.4)

and the charges of physical black rings satisfy: 3N? > 4n.J.
Let An denote the dipole charge of the tube and AJ its angular momentum. The new
horizon area parameter, M, after the merger is then

M =4nN (n+ An)(N + AN) +2n2(N + AN)? — (n + An)>N?
—2n%(N + AN)? —4n2(n+ An)(J + AJ)
= M +nAn(3N? — 4n.J) (5.5)
(n+ An)

_mran) _ NAR)? + 4n? _ ANy
An (2n AN — NAn)® +4n“An (AJ A .

We now need to remember that the angular momentum of the tube is given by (C.34)

(AN)?

At = An

(5.6)
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and also that that for the charges we consider the merger condition (4.55) becomes
2n AN = AnN. (5.7)
Using these two equations, we finally have
AM =M — M =nAn(3N?—4nJ) >0, (5.8)

with equality if and only if the original black ring has vanishing horizon area. Hence, for
mergers with v = —1 or x = 41, we have proved that chronology is protected, and that
the second law of black hole thermodynamics holds. This conclusion is similar to that
of [43, 44, 46] for supertube-black hole mergers.

However for v £ —1 the situation is rather more subtle. First, the complete supergrav-
ity solution is not known for mergers in which the supertube winds around an S! in the
S? of the horizon. As a result we cannot identify the supertube DBI charges with simple
supergravity charges. In addition it is not clear how to identify directly the charges carried
across the horizon during the merger. If one simply chooses one of the patches discussed
above and assumes that the supertube carries its constituent DBI or GH charges across the
horizon then the z-dependence in the merger condition (4.49) can lead to mergers in which
the horizon area of the black ring decreases, thus contradicting black hole thermodynamics.

The most likely solution to this conundrum is that the charges carried by the supertube
across the horizon are not the same as the constituent supertube charges NST, 7ST, but are
modified in an x-dependent way, so as not to decrease the horizon area. This would imply
that in v # —1, x # +1 mergers the supertube brings in not only its intrinsic charges,
but also some of the charge and angular momentum dissolved in supergravity fluxes. Since
it is unclear how the dynamics of this charge can be captured via a Born-Infeld analysis,
we believe that the understanding of this phenomenon and a resolution of this puzzle will
probably come from finding the fully back-reacted supergravity solution corresponding to
the v # —1 mergers.!6

5.2 Mergers of black rings with three-charge two-dipole-charge supertubes

Another interesting example for illustrating chronology protection is the merger of a three-
charge two-dipole charge supertube with another supertube of the same kind, that can also
be thought of as a singular black ring that has one zero dipole charge n?R = 0. Such a
singular black ring must have vanishing horizon area, and to avoid closed timelike curves
it must satisfy the charge condition [56]:

npENPR = nPRNPR . (5.9)

Similarly, the three-charge supertube considered above has no NS5 dipole charge (n3 = 0)
and also satisfies
nfTNPT = nsTNST (5.10)

16Such mergers do not have a tri-holomorphic U(1) invariance and hence the supergravity solution will
be more complicated than the solutions with a Gibbons-Hawking base presented here.
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Since the merger produces another two-dipole three-charge tube, it must also satisfy the
regularity condition:

(PR 4 nST) (VPR 4 N§T) — (aBR 4 n§T) (NP NSTY =0, (5.10)
which is equivalent to
nPENST 4 nSTNER _ (nBENST 4 nSTNER) — 0. (5.12)
On the other hand, the merger condition (4.68) for nP® = 0 yields:
(nPENPT + nZBNST) — (nPTNPE 4 n3TNPR) = 0. (5.13)

To establish chronology protection one must show that (5.13) implies (5.12).
However, one also knows that the two merging objects obey (5.9) and (5.10). Multi-
plying (5.13) by nZfn5T and using (5.9) and (5.10) one obtains:

(ngRNIST—ngTNFR) (nanQBR—l—nng?R) =0. (5.14)
Similarly, one finds that (5.12) is equivalent to
(nFENTT — n3TNPR) (07T 8% — ST nff) = 0. (5.15)

Since all the n’s are positive, we see that (5.14) implies (5.15) and so the merger condi-
tion (5.13) implies that the regularity condition (5.12) is satisfied. Hence, the merger of
two three-charge two-dipole charge supertubes always respects chronology protection.

We can also consider a merger of a three-charge two-dipole charge supertube with a
fully fledged black ring, we take for simplicity equal charges and dipoles: nPf = nBFf =
nBR =n, NPE = NPE = NPR = N, NPT = N7 = Ny = AN and n{T = n§T = An.
The non-negativity of the initial black ring entropy implies that 3N? > 4n.J and the merger
condition!” becomes 3nAN = 2AnN. Also remembering that angular momentum of the

three-charge supertube is given by

JST: NigTNéST _ NﬁgTNéST (5 16)
nsT nyT '
and hence AJ = AN?/An, we obtain
— 4
AM=M-M= 9 (TN? —9nJ) (2nAn + An?) . (5.17)

Since N? > %nJ this merger is always irreversible, and does not violate chronol-
ogy protection.

1"We consider v = —1 tubes in the ¢ = —1 patch; all the subtleties having to do with changing patches
are the same as for two-charge supertubes.
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6 Fluctuating supertubes and entropy enhancement

This section is devoted to an in-depth review of the Born-Infeld calculation of the entropy
coming from the shape modes of supertubes, as well as to an extension of this calculation
to a supertube in a black-ring background. This calculation demonstrates that one can
equally obtain an enhanced entropy from fluctuations along the compact internal directions
of the solution and fluctuations in the non-compact directions of the solution. Furthermore,
as we have shown in the previous sections of this paper, we expect the latter supertube
fluctuations to give rise to smooth horizonless solutions. Hence, our analysis strongly sup-
ports the existence of smooth horizonless three-charge solutions that depend on arbitrary
continuous functions, and whose entropy is much larger than their typical charge, and
might even be as large as the square root of the cube of their charge. That is, it might be
black-hole-like.

Our goal is to quantize the small oscillations about round two-charge supertubes in
flat space, black-hole, black-ring, and generic three-charge backgrounds, and to examine
the entropy coming from these fluctuations. We find it convenient to work in the DO-D4-F1
duality frame, and our approach follows that of [2, 13] (see also [57]).

We begin by reviewing the Marolf-Palmer entropy calculation for a supertube in flat
space, and in the following subsections extend this calculation for a supertube in a 3-charge
black hole background and in a black ring background. In the last subsection we also
include, for completeness, the entropy calculation in the background of a general solution
with a Gibbons-Hawking base space [13].

As first reported in [13], in the latter two backgrounds we find a non-trivial enhance-
ment of the entropy of a supertube when the dipole magnetic fields are large. This en-
hancement arises because the entropy that can be stored in a supertube is governed not by
the electric charges of the supertube (as in flat space or in a black hole background) but by
its locally-defined effective charges, that can get large contributions from the interactions
of the dipole moment of the supertube with the magnetic fluxes of the background.

6.1 Flat space

In the absence of background fluxes, the WZ action of the supertube is zero, and the DBI
action (4.7) reduces to

S =—-Tps /dtdzdé?\/RZ(l — .7:;522) + 7:39 , (6.1)
where R is the radius of the supertube and its embedding is
t=¢v, z=¢ p1=20. (6.2)

The charges of the tube are given by (4.12):

R2
N = nTEy, N§T =T

6.3
fz& ’ ( )
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where the factors of ngT come from multiple windings in #. Similarly the radius rela-
tion (4.17) reduces to:

NFTNST = (nST)2R? (6.4)
The angular momentum of the supertube is (C.12):

ST p7ST
_ N{T N3

J
ST
US>

=n5TR?. (6.5)
The foregoing results apply to round (maximally spinning) supertubes. Supertubes of
arbitrary shape will have more complicated expressions for their conserved quantities and
will generically have smaller angular momentum.

In this subsection we will perform a simplified version of the analysis in [2], which
will be enough to give us the correct dependence of the entropy on the supertube charges.
We consider small fluctuations of the supertube in the six directions transverse to its

world-volume:
1‘2‘—>1'2‘+77i(t,9), 1=1,...,6, (6.6)

where four of these fluctuations take place on the compact T and the other two are radial
coordinates in the non-compact space. In general there are eight independent fluctuation
modes for the supertube, consisting of seven transverse coordinate motions and a charge
density fluctuation (which also affects the shape). To keep the computations simple here,
we have restricted to a representative sample of oscillations in both the compactification
space and in the space-time. Since we are only interested in BPS fluctuations we will also
restrict 7; to depend only upon t and 0 [2].1

The effective Lagrangian for the fluctuations is obtained by expanding the DBI La-
grangian of the supertube

.. . .. . 1/2
Ly = —Tps [(1 = FZ — 0i) (R* + mjm})) — 2F 0 Fogiiin; + Fag(1 — 1) + (9im})?] 2
(6.7)
where the repeated index ¢ is summed over. The canonical momenta conjugate to 7; are:
arb= L 1
IT; =/ dz — = —n, (6.8)
0 f‘)m 7i=0, Fra=1 2w
and the canonical commutation relations are:
[;(t,0), Tk (t,60")] = id;6(0 — 6'). (6.9)

The BPS modes 7n; then can be expanded as:

| i)
L [Z giho/msT (@) (6.10)

N = —
\/5 k>0 ’ ‘

8 The time dependent modes will break supersymmetry. Hence, we will retain the time dependence of 7;

to compute momenta and quantize the system but then we will set 0:n; = 7; = 0.
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where (a};)Jr and a} are creation and annihilation operators for the k™ harmonic. The

normalization has been chosen such that:

[(az)T ,aﬂ = Y 8 (6.11)

It is not hard to see that the fluctuations do not change NFT and the angular momentum
J. The charge Nqu becomes:

T ST P ST
NST = L g OF _ Toz [ o (B4 ) (6.12)
TFI 0 aj:tz Fin=1 TFl 0 ‘7:29 ’
from which one finds

6 ) ) 27rn*29T 27rn*29T 6
S ke = LT [ a0 [ a0 Y (6.13)

i=1 k>0 0 0 i=1
= NPTNGT — (n3")°R? = NPTNgT —n5"J (6.14)

The left hand side of this expression can be thought of as the energy of a system of
six massless bosons in (14 1) dimensions. Due to supersymmetry there will also be six
corresponding fermionic degrees of freedom. The total central charge of the system is thus
¢ =9, and so the entropy of this system is given by the Cardy formula:

c 3
S = 2w\/g\/NfTN35T —n3TJ = 2W\/;\/N15TN§T —n3TJ. (6.15)

If we had included all eight bosonic fluctuation modes then we would have had eight bosons

and eight fermions and hence a theory with ¢ = 12 and with the entropy:

Ssr = 2m/§\/N§TN§T —n3TJ. (6.16)

This is the correct central charge and it yields the correct supertube entropy [2]. By
restricting our analysis to six of the shape modes and ignoring the other supersymmetric
modes we have obtained a finite, but well understood, fraction of the supertube entropy.
Since our purpose here is to analyze when entropy enhancement happens, and when it
does not, we will only be interested on the dependence of the supertube entropy on the
macroscopic charges, and not pay particular attention to numerical coefficients. Restricting
our analysis in more general backgrounds to transverse BPS fluctuations and counting the
entropy coming from these modes will therefore be enough to illustrate the physics of
entropy enhancement.

9 Technically, to get this normalization correct we need to include the mode expansion of the non-BPS
modes in (6.10). Ignoring the non-BPS modes gives an incorrect factor of V/2 in the normalization of the n;.
Here we have given the correctly normalized expressions that one would obtain if one included the non-BPS
modes.
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6.2 The three-charge black hole

A two-charge round supertube in the background of a three-charge BPS rotating (BMPV)
black hole was discussed in section 4.1. Here we will use the metric and background fields
presented in section 4.1 and consider small shape fluctuations in the directions transverse
to the world-volume of the supertube. We are again interested only in BPS excitations,
which have the following form

x; — xp+n(t,0), i=1,2,3,4, u— u—+n5(t,0), v—v+ns(t,0), (6.17)
where we have defined the metric on the four-torus to be
dszy = da? + da3 + da3 + doj . (6.18)

and the supertube embedding is the same as (6.2). One can use the sum of the DBI and WZ
actions, find an effective action for the supertube fluctuations and compute the momenta
conjugate to 75, ng and 7;:

oL Zo
m, = [ d:( <= — 2. 6.19
" / (3775> BPS 2”775 ( )
oL Z
m, = [ d:( & _ 2. 6.20
o= [(5r)| - (6:20)
= [a:(52) =gk (6.21)

where the subscript “BPS” means that we have evaluated everything “on shell,” which
means we have imposed the BPS conditions of no time dependence and F;, = 1.
The BPS modes n;, n5 and 7 then can be expanded as

1 ik /s (@)
N = —= Z e 2 +h.c. |,
\/5 [ k>0 ‘k’
1| ik0/nST (aZ)T ]
N5 = — e 2 +he |, (6.22)
A5 ]

6\t 1
N = L Z eikg/ngT(aL) + h.c.

V2[5 VIk

At first glance, the physics of the n; fluctuations along the torus appears very different from

that of the fluctuations in the spacetime direction, 75 and 74; indeed the latter have a factor
of Z5 in the denominator, and this factor becomes arbitrarily large when the supertube is
near the horizon of a black hole.

The charge leT is the same as that of the round supertube, but the charge NB.ST is
modified to:

1 oL
NST — — [ do
BT TR OF:.

4
Tpo / 2 /1\2 1\2 N2
= do | Zyu® + Zo1 + + ALEIS
ore T < > 21 [(m5)° + (116)?] ;1(77)

(6.23)
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Using similar arguments to those given for the flat space background one finds the entropy
of the BPS shape modes to be:

3
S = ZW\/;\/NFTNfT — (n5T)2Zou2 . (6.24)

Hence, despite the presence of the warp factor Z5 in the radius relation and in the mode

expansions (6.22), the entropy of the supertube depends on its charges in exactly the same

way as in flat space, and hence there is no entropy enhancement.

6.3 The three-charge black ring background

We now consider small shape fluctuations around the round supertube in a black ring
background presented in section 4.2. The important new element is that this background
has non-zero magnetic dipole charges and these will enter the calculation in some very
non-trivial ways.

Again we consider the fluctuations (6.17) and use the DBI and WZ actions to find an
effective action for the fluctuations. After straightforward calculations on can compute the
momenta conjugate to 75, ng and 7;:

oL Zo R2
I :/dz<—,> _ 22 L 6.25
" 95 ) | pps ~ 2 P = D@ =g (6.25)
oL Z R ,
m, = [d( <& _ 22 , 6.26
w=f (an6> o S T B (6.26)
oL 1
I, = /dz(—) = —n, 6.27

The BPS modes 7;, 5 and 7g can be expanded as:

)

1 iko s (a3
N =— e 2 —2=+4hc
\@[Z NG

k>0

2 _ Ve —u2 [ _ 5\t |
- \/(y e =y [5m o@D ] 629
2 L k>0 K] |

(1= =) [ = oyt (@) ]
Ne = e 2 —=— +h.c.
\/ 275 R? i kzw V]| ]

Suppose that we have a round supertube parallel to the ring (t = £, z = ¢, ¢ = —0),
then for the F1 charge of the supertube one finds

1 27rn25T 8£
NyT = — < > 6.29
’ Tr1 Jo 9Fiz ) | pps ( )
Tp2 sr Tpo ZQRQ(yQ—l)
= 2205 Tni (1 +y) + 6.30
T O o T sa | e (6.30)
iz rez— B _eiam]. s
D= =)
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The expression for the entropy coming from the shape oscillations now becomes:

20,2 _ 3
S = 277\/%{ [N{ST - %nngs(l + y)] [N?,ST - %nng(l +y)| - (n§T)2—ZQ€i (_yy)2 2 }
(6.32)
Note that for a supertube located near the black ring (y — —o0) one has a huge entropy
enhancement due to the dipole-dipole interaction.
For completeness, it is equally easy to consider a round supertube orthogonal to the
black ring (t = &%, z = €', o = —60). One then finds that the entropy of the shape
modes is:

1
g — 277\/5{ |:NiST + lnang(m +C)} [NBST + lnngl(m o)l - (ngT)zw}a
2 2 2 (x —y)?
(6.33)
While there is still a dipole-dipole interaction, the entropy enhancement does not grow
arbitrarily large because the coordinate x has a finite range (z € (—1,1)).

6.4 Solution with a general Gibbons-Hawking base

For the sake of completeness, it is worth reviewing also the entropy enhancement for a
supertube in a three-charge background with a Gibbons-Hawking base. For this back-
ground, one can only calculate easily the entropy coming from the internal fluctuations of
the supertube. The entropy coming from fluctuations of the supertube in the spacetime
directions is more complicated than for the black ring background.

For this background the supertube action becomes:

S = TDQ/dffg{ [(Zil - 1) Fuo+ fo—; + (Zﬁl - K71> (Fiz — 1)} (6.34)
_ [# [(K? =V (p(l — Fpo) — Fop))? + VZ1 Zo(1 — Fp) (2 — Z5(1 — }'tz))]] 1/2} .
1

Because of the complexity of this background, we consider small shape oscillations in the
compactification manifold, 7%, around a round supertube along the GH fiber :

t=¢", =&, p=0, z; — x+n(t0)  i=1,2,3,4.  (6.35)
The quantization proceeds exactly as before and the conserved electric charges are now:
o TD2 2L, 27rn25T o7
Nl = — dZ/ d@fz(;:ng fzg,
Tpo Jo 0
4
TD2 27rn§T Kl 1 Z2
NST = 222 dd | ——+ ——— | —= 12 . 6.36
5T T Jy vVt E v\ v T Zi:("l) (6.36)

Substituting (6.28) into (6.36) and rearranging using (6.36) leads to:

4 ) ) 27rn25T 27rn25T 4
SO kah)lal = LT / i / 10> ]
i=1 k>0 0 0 i=1

K3
= |:Ni9T + TLgT—

K! Zy
V} [N§T+n§T—} — 5122 (6.37)

V |4
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and this leads to the following expression for the entropy:

K3 K! Z

6.5 Comments on the supertube effective charges

As we have seen, in flat space and in a BMPV black hole background, the entropy of the
two-charge supertube, when expressed in terms of its charges, is simply

S~ O1Qs—J. (6.39)

However, if the background has non-trivial dipole magnetic fields the entropy is given by
equations (6.33) and (6.38), and can be written as:

S~ QST Q5T — gett (6.40)

Here the effective charges, Q?f I and Jeft , involve a non-trivial interaction between the
dipoles of the supertube and the dipoles of the background. These effective charges
can become arbitrarily large if the supertube moves suitably close to the background
dipole sources.

From the perspective of the supertube DBI-WZ action, these effective charges are:

Tff = QIST + ngT 5(1) 7 gff = gT + ngT g(z) 7 (6.41)

where the ¢) are defined in (2.9) and £ denotes the pull-back onto the supertube.
There is another way to think about these effective charges when considering the fully
back-reacted solution found for a round supertube in GH backgrounds [13] — they give
the leading divergence of the warp factors Z; near the supertube:

Q¥ =4 tim ryzr, 1=1,3, (6.42)

rny—0

where the supertube is located at rn = 0. Nicely enough, even if the DBI-WZ action of the
supertube is perturbative, it does capture these effective charges via the pull back in (6.41).

As discussed in [13], the crucial insight coming from this analysis is that the entropy of
the supertube is not determined in terms of its asymptotic charges (measured at infinity)
but in terms of its local effective charges, which depend on the location of the supertube.
Hence, the entropy can become very large when the magnetic fields are very strong — this
happens for example when the supertube is near the horizon of a black ring, or when it is
in a deep scaling horizonless solution [37, 59-61].

Our analysis also demonstrates that entropy enhancement affects both the fluctuations
of the supertube in the internal (torus) directions, as well as the fluctuations of the super-
tube in the non-compact transverse space. In a general three-charge background the latter
are very hard to analyze, as the non-trivial magnetic field mixes the fluctuation modes.
However, in a black ring background this mixing is not present for the supertube fluctu-
ations in the plane transverse to the ring. Our calculation shows that these fluctuations
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exhibit the same amount of entropy enhancement as the torus fluctuations, and hence
indicate that entropy enhancement is a feature of all the supertube modes, and not just
some. It would be interesting to calculate whether, in a general background, some modes
are more enhanced than others, as this would indicate whether the typical microstates of
“enhanced” fluctuating supertubes are smooth in supergravity or not. It will be also very
interesting to extend our analysis to non-supersymmetric gravity solutions [62, 63].

7 Conclusions

Our purpose in this paper has been four-fold:

First, we proved that if one takes supertubes that are solutions of the Born-Infeld action
to a regime of parameters where their back-reaction is important, the fully back-reacted
supergravity solution is smooth in the duality frame where the supertubes have D1 and D5
electric charges. The two conditions necessary for the supergravity solution to be free of
closed timelike curves and to be smooth are reproduced exactly by the Born-Infeld analysis.

Our analysis strengthens the case for the existence of families of supergravity solutions
that have the same charges as black holes, and that depend on arbitrary continuous func-
tions (and hence have a moduli space of infinite dimension). Furthermore, these solutions
are smooth and horizonless in the regime of parameters in which the corresponding black
hole has a macroscopic horizon.

The second purpose of the paper has been to identify the relation between the charges
of supertubes and black rings that appear in the exact supergravity description, and those
that appear in the microscopic (Born Infeld) description.

We have seen in section 4.7 that a given five-dimensional black ring can be embedded
in Taub-NUT in two ways, that differ from each other by the choice of the location of the
Dirac string in the gauge potentials. One can furthermore find black ring embeddings with
multiple Dirac strings, that depend on several parameters, and these can be related to each
other by gauge transformations. The Gibbons-Hawking charges of the black ring, which
give the electrical charges of the corresponding four-dimensional black hole, are different in
different patches (4.37), (4.38). Nevertheless, the E77) quartic that gives the microscopic
entropy of the black ring, is independent of the choice of patch.

It is interesting to note that the entropy of extremal non-BPS black rings has been
recently expressed in terms of the E7(7) quartic invariant as a function of the asymptotic
charges, and a certain angular momentum parameter J [55]. Our analysis establishes
that the apparent four-dimensional charges (that appear in this invariant) depend on the
location of the Dirac string, and that one can switch between the asymptotic charges of the
ring and the intrinsic charges by a gauge transformation. This transformation nevertheless
also changes the angular momentum parameter, and thus the question that should be asked
in trying to find the microscopic description of extremal non-BPS black rings is not “Why
does a certain charge appear in the quartic invariant?” but rather “Why, for a given choice
of charges, does a certain angular momentum parameter appear in the quartic invariant?”

We have also found the relation between the charges of supertubes that appear in their
Born-Infeld description, and those that appear in their supergravity description. We have
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established that if a supertube that gives rise to a solution with a Gibbons-Hawking base
is put at a smooth location,? its Born-Infeld electric charges are equal to the Gibbons-
Hawking charges of the supergravity solution. Since the Gibbons-Hawking charges are the
ones that contributes to the asymptotic charge of a solution, and since these charges are
much smaller than the enhanced charges (that give the supertube entropy in a three-charge
background) our analysis definitively establishes the phenomenon of entropy enhancement:
a given two-charge supertube in a three-charge two-dipole charge background has an en-
tropy much larger than one would expect from the amount of charge visible from infinity.

The third aim of our paper has been to analyze issues related to black-hole thermo-
dynamics and chronology protection when a supertube is merged with a black ring. If
supertubes respect the triholomrphic U(1) isometry of the ring, and are able to merge with
a black ring, then this neither decreases the ring entropy nor creates closed timelike curves.
The supertubes that might do this, and hence are “dangerous” for chronology protection
and thermodynamics, are unable to merge with the ring.

The situation is a bit more subtle with supertubes that do not respect the triholo-
morphic U(1) isometry of the ring, and wind around S! latitude circles in the S? of the
black ring horizon. We have found that if the charge these supertubes carry into a black
ring is given by their Born-Infeld charge, then chronology protection and black-hole ther-
modynamics can be violated! The only way these are not violated is if the charge brought
into the black ring depends continuously on the angle at which the supertube merges with
the ring (which is the angle of the S! latitude circle it wraps). It would be interesting
to understand the origin of this very puzzling fact, by constructed the fully back-reacted
solution corresponding to this merger. This solution will have a U(1) isometry, but not a
triholomorphic one, and will hence not be a Gibbons-Hawking solution, but a more general
one of the type constructed in [41, 46, 64].

The fourth aim of the paper was to extend the entropy enhancement calculation of [13]
to supertubes that oscillate both in the internal compact directions and in spacetime non-
compact directions. Such a calculation is generically quite complicated: if a solution de-
pends on these directions, this mixes the corresponding oscillator modes of the supertube,
which makes the counting much more involved. Nevertheless, we have found a class of ex-
amples in which this mixing is not present, and the calculation of the entropy coming from
the spacetime modes of the supertube is as simple as that coming from the internal modes.

Our results show that the two kind of modes contribute to the enhanced entropy
equally, despite the presence of different (large) factors in the mode expansions. If, as we
expect, the entropy coming from these fluctuations will be black-hole-like, and therefore
the fluctuating supertubes will give the typical microstates of the corresponding black
hole, these microstates will have a non-trivial transverse size, and the smooth horizonless
microstates will act as representatives for all the black hole microstates [13, 18].

The obvious question left unanswered by our analysis is what is the enhanced entropy
coming from the modes that mix. This question requires a more tedious analysis than we
have done, but its answer could have dramatic consequences. If this enhanced entropy is

20More precisely, not exactly on top of a Dirac string.
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equal or less than that coming from the internal modes, then most likely the typical black-
hole microstate geometries will be given by a combination of internal and transverse space
oscillations, which in general will not be smooth (but may have smooth representatives).
However, if the entropy coming from the transverse modes that mix is greater than the
one coming from the internal directions, then the typical microstates might all be given by
smooth horiozonless supergravity solutions.

To recapitulate, we have proven that the supergravity and the Born Infeld descriptions
of supertube agree, found the four-dimensional charges of five-dimensional black rings and
supertubes, analyzed chronology protection and black hole thermodynamics during black-
ring supertube mergers, and established that the entropies of supertube modes in the
internal directions in the spacetime directions are enhanced equally, and hence these modes
contribute equally to the entropy of the supertube.

We have also filled in a few details in the analysis of supertubes and black rings
solutions: we have dualized the black ring and the more general multi-center solutions
with a Gibbons-Hawking base to various duality frames (in appendix A), and have found
(to our knowledge for the first time) the exact form of the magnetic potentials in these
solutions. We have also calculated (in appendix C) the angular momenta of a supertube of
arbitrary shape in a general solution with an R* base, and shown that the contribution of
a piece of an arbitrarily-shaped supertube to the angular momentum along the direction
of this piece is the same as for a piece of a circular supertube, and is in fact a universal
quantity, as suggested also by the supergravity analysis.

Last, but not least, we have shown (in appendix B) that all the three-charge, three-
dipole charge solutions with a Gibbons-Hawking base constructed so far can be dualized
to the duality frame where they have D1, D5 and momentum charges, and can be scaled?!
in such a way as to become asymptotically AdSs x S3. Hence all these smooth horizonless
solutions are dual via the AdS/CFT correspondence to microstates of the D1-D5 CFT. It
would be very interesting to extend the holographic methods of [19] (that were successfully
used in [7] for two-charge microstates) to the analysis of these three-charge geometries.
This would enable one to establish whether the geometries constructed so far are dual to
typical CF'T microstates, whether the geometries dual to these microstates have Planck-
scale curvature or are well-described in supergravity, and whether the smooth microstate
geometries constructed so far can act as representatives of the typical microstates.
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A Three charge solutions and T-duality

A.1 T-duality transformations

In this appendix we summarize the T-duality transformation rules for type II theories with
non-zero RR fields. These rules are derived in [65] and can be considered a generalization of
the Buscher rules [66]. In the expressions below we will adopt the conventions and notation
of [67], the different RR forms are denoted with C™) and the fields obtained after the T-
duality transformations are denoted with a tilde, w = xg is the M-theory compactification
direction and x is the T-duality direction.

The set of fields in the low energy limit of M-theory, i.e. eleven-dimensional super-
gravity, are:

G and A (A.1)

pvp -
After the compactification along w = xg9 we are left with type IIA supergravity with
the fields

Guv C;(L?/)pa By, C;(Ll)a P, (A.2)

which are related to the eleven-dimensional fields as follows (note that we are working in

string frame):

S GwGow y Guw
Gur = V G (GHV - Mwa > ’ C;(L) - G:j;w 7
3
C;(j/)p = A;Wp’ B = A,uuw ) ¢ = 1 log(Guw) - (A.3)

The type IIB fields are:

B e, O @ cw . (A.4)

Guv |22 R L po

The T-duality rules for the metric and the NS-NS fields are:

- 1 ~ BWU ~ ux vz — B;,L:L‘Bl/$
g = 9 g = ) Juv = Guv — )
o 9z e Jzx a a Jax
) ) Bootve — Gus By ) 1
Bz = gﬂa By = By — pabve — Gy Fve ) Q=P — - loggus - (A.5)
9zz 9zz 2

The RR forms transform under T-duality as:

(n—1) Glal
C;(Ln)uozx = C;(Ln_uloz) - (n - 1) [M---V|$ )
Gz . (A.6)

CI(Z-L-?VOéﬁ = C;(Lntgﬁx + nC[(:leiBmx +n(n—1) [“"'V‘l:q [ 1A] .
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Table 1. The configuration of branes in M-theory that preserves the four supersymmetries of the
M2-M2-M2 three-charge black hole [20]. The vertical arrows represent the directions along which
the branes are extended and the horizontal arrows represent smearing directions. The functions
y* (@) describe a closed curve which is wrapped by the M5 branes. In the first column we have
indicated also the brane identification in the D1-D5-P duality frame.

Alternatively one can transform the RR field strengths as follows (for a detailed derivation
of these rules see appendix A of [7])

(n—1)

—(n n— ng$[M1F TI P
I e
B =1
(n n n n—1 Z‘[Mlgug‘x‘ pinz
Flsl')"“" B ‘SlJr‘l‘)’l:” —n(=1) Bm[mF;EQ---u)n} —n(n—1) q K3--pin]e (A7)

We now give the explicit transformations that take us from the M-theory duality frame
in section 2, to solutions in other useful duality frames. In table 1 we specify the directions
along which the M2 branes and the M5 branes are wrapped or smeared.

A.2 Three charge solutions in different duality frames

Compactification along xg. The first step is to compactify the eleven-dimensional

solution, presented in section 2, along xg, in this way we obtain the following combination

of “electric”?2

Ni: D2(56) Np: D2(78)  N3: F1(z) (A.8)
and “dipole” branes
ny : D4 (y78z) ng @ D4 (y562) ns : NS5 (y5678) (A.9)

in Type ITA. From now on we will denote x19 = z. The ten-dimensional string frame
metric is

1 V717, | Zo | Z1
ds%o:—m(dt+k)2+\/ZlZstZ+T3dz2+ Z(dx§+dx§)+ Z(dx$+dx§)
(A.10)

22We are choosing xg¢ to be the M-theory circle in order to match the conventions in the literature for
the global signs of the B-field and the RR potentials for the BMPV black hole [47] and the supersymmetric
black ring solutions [42].
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The dilaton and the Kalb-Ramond field are

_ e (222 _ A
<I>—410g<Z§>, B=-AY Ndz. (A.11)
The RR (“electric”) forms are
cW = 0, B = AW A dxs A dre + AP A dx7 N drg, (A.12)

and the four-form field strength is?3

FW = dc® +daB A CW = AW Adas A dag + dAP A day A dag (A.13)
= dFWY Adas A dze + FO A dar A das, (A.14)

where we have used the notation FU) = dAY). Now we will perform a chain of T-dualities
in order to arrive at the desired frame.

T-duality along x5. A T-duality along the x5 direction brings us to Type IIB with the
following sets of “electric”

Ny : D1(6) Ny : D3 (578) Ns3: F1(z) (A.15)
and “dipole” branes
ny : D5 (y578z2) ny : D3 (y62) ng: NS5 (y5678). (A.16)

The metric is

LV 122 Z2
ds? (dt + k)2 + 1/ Z1 Zods? dz? \/ 1/ d de2+d
570 = Zg\/m + k)" 4+ 1Z42dsy + + 6+ x5+ x7+ xg)
(A.17)
The other NS-NS fields are
1 Z? 3
The RR field strengths are
F® = —FO A dag,
ﬁ(5) = .7:(2) ANdzxs N dxy N drg + *10(.7:(2) Adzxs N dxr N dxg) R (Alg)

where in the expression for F®) we have added the Hodge dual piece by hand to ensure
self-duality [69]. Note that if one is working in the “democratic formalism” (i.e. with both
electric and magnetic field strengths) F©®) will be automatically self-dual, however since
we have chosen to T-dualize explicitly only the electric field strengths we have to add the
self-dual piece by hand whenever we encounter a five-form field strength after T-dualizing
a four-form field strength.

2 Note that we are using the notation of [68] FY) = dC® +dB A CW.
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Using the form of the ten-dimensional metric (A.17) one can show that

1/4

Z

*10 (dA®) A das A dag A dag) = — (Zg—ZZQ> x5 (AAP A dz A dxg) (A.20)
1“3

where %5 is the Hodge dual on the five-dimensional subspace given by the metric

1
ds? = —————(dt + k)* + \/ Z1 Zods] A21
RN s 2y
T-duality along xg. Now perform T-duality along x¢ to get
Ny : DO Ny : D4 (5678) N3 : F1(z) (A.22)
“electric”
ny @ D6 (y5678z) ng : D2 (yz) ng : NS5 (y5678) (A.23)

and “dipole” branes in Type ITA. The metric is

vV 122 Z1
ds?y = W m (dt+-k)* 4/ Z1 Zods3+ dz>+ dx5+dm6+dx7+dm8). (A.24)
The dilaton and the Kalb-Ramond fields are
i @)
¢ = log <Z2Z2> B=-AY Ndz. (A.25)

The RR field strengths are

B 5 N\ 1/4
F@ = _FO) FO = _ ( f? 2> x5 (FOYAdz. (A.26)
Zl Z3

Since we are interested in studying probe two charge supertubes in this background, we
will also need the RR potentials since they enter the Wess-Zumino action of the supertube.

Finding the RR and NS-NS potentials in the D0-D4-F1 frame. If everything is
consistent, then the Bianchi identities for the field strengths should be satisfied. For the
solution given by (2.20)—(2.22), the non-trivial Bianchi identity is:?*

dFY = —F@ ndB. (A.27)

Indeed we can use the BPS equations to show that

() z; \'"* e
AP = —q( (22 s (F®)) Adz

z373
1 (dt + k) 5
= — — A28
[d<2123>AdkA(dt+k) d( Z )/\@ ( )
—d<(dtz+k)> /\@1—1-@3/\@1] Adz.
3

24Gee [68] p. 86.
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On the other hand

FOAdB = dAM A dAG) A dz

- [d<21123> Adk A (dt + k) — d<(dtZ7tk)> IXCH (A.29)
_d<(dtZJ;k)> /\@1—1—@3/\@1} Adz.

So the Bianchi identity is obeyed and it can be checked in a similar manner that the
equations of motion of type IIA supergravity are obeyed. Thus confirms the consistency of
our calculations.

We will now find the RR three-form potential C® in the same duality frame. It

satisfies the following differential equation
dC® = F® 1 cW A H® (A.30)

Note that this depends upon a gauge choice for C(M), we choose a gauge in which C(V) is
vanishing at asymptotic infinity, namely?

oW = —A' —dt. (A.31)
Computing explicitly one finds
dC®) = [( = x4dZs + BO N O®) —d(Z71(dt + k) A BY +dt A AP Adas,  (A.32)

and hence

C® = —(y+ Zz H(dt + k) A BY 4 dt A AP) A dus, (A.33)

where

dy = (%4dZy — BY n0W¥). (A.34)

So the calculation boils down to integrating for the 2-form ~. Up to this stage we have not
assumed any particular form of the four-dimensional base space. If this space is Gibbons-
Hawking then the equation for v can be integrated explicitly. Using the BPS supergravity
solutions presented in section 2 it is not hard to show that

1
x4dZs — BY N OB = (=0,Z5 + K'0,(V'K?)) 5 Cabe(dy) + A) A dy® A dy°
— e (B, (VLK) (dp + A) A dy® A dy
+V(EW . VVTIE®)) dy' Ady? A dy® (A.35)

Recall that Zy = Lo + V~'K'K? and define 5by:
Vx(=-VLs, (A.36)

then using
1
Q(a) =el et 4 3 eabcéb NCan , (A.37)

#We have fixed Z; ~ 14+ O(r™1).
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one can show that:

x4 dZy — BO A O® = d[(=¢, - VKD 0]

—(VV-{+ K3V €W dyt Ady? A dy® . (A.38)

The last term is a multiple of the volume form on R? and so is necessarily exact, however,
it can be simplified if we chose a gauge for E(D and (:

V-{=V-eb=o. (A.39)

Then one has:

v =—[(C+ VKDY QW] (A.40)
Finally, let 7 = (y1 —ai, y2—bi, y3 —¢;) and let F' = rl, and then define @ by Vx @ = —VF,
then the standard solution for  is:
Yz — ¢ (1 —ai) dyz — (y2 — bi) dyn

ri (g1 —ai)? + (y2 = b:)?)

It is elementary to verify that V - = 0 and so this is the requisite gauge. Finally the

explicit form of the RR three-form potential for a solution with GH base in the D0-D4-F1
frame is

w= (A.A41)

C® = (C+ VIK¥D) QW Adz — (Z7 ' (dt + k) A BD 4 dt AAPD) Ndz. (A42)

T-duality along z. Another T-duality along z transforms the system into D1-D5-P
frame with

Ni: D1(z) Ny : D5 (5678z) N3 : P(2) (A.43)

“electric”

ny = D5 (y5678) ny @ D1 (y) ns : kkm (y5678z) (A.44)

and “dipole” branes. The metric is

1 A A
ds3 g = — == (dt+k)*+\/ 21 Zodsi+——e (dz+A%)2 4 | 22 (d2d + dad+dad+da?) .
SIIB ng( + ) + 142 S4+m( z+ ) + Z2( $5—|— x6+ $7—|— x8)
(A.45)
The dilaton and the Kalb-Ramond field are:
1 Z1
P =-1 — B=0. A4
50 (7). 0 (A.46)
The RR three-form field strength (it is the only non-zero field strength) is:
3 Z3 \"" ey 0 ®

For the supersymmetric black ring solution in D1-D5-P frame then our general result
agrees (up to conventions) with [42]. We can also easily find the RR 2-form potential by
T-dualizing (A.42)

CO = (G+VTK*D) Q9 — (25 (dt+ k) A B + de n AD))
+ AW A (A —dz — dt) 4 dt A (A% —dz). (A.48)

— 47 —



B BPS solutions in D1-D5-P frame and their decoupling limit

In this appendix we consider the decoupling limit of the three-charge metric in the D1-D5-P
duality frame (A.45). As shown in [15, 42], for a supersymmetric black ring, such a limit
takes an asymptotically-flat solution into a solution that is asymptotically AdSz x S3 x T4,
and is thus dual to a state or an ensemble of states in the D1-D5 CFT.

Like for three-charge black holes and black rings, one can take this limit by sending
o/ — 0 and scaling the coordinates and the parameters of the solution in such a way that
the type IIB metric scales as . At this point it is useful to give the form of the “electric”
charges Q7 in terms of the parameters of the eleven-dimensional solution:

N IR

N
Qr=—-2Crjk Z ]q ‘J where l;:jl = k‘]I —qj Z k‘ZI (B.1)
J i=1

j=1
The angular momenta are obtained by expanding the one-form k at infinity and one finds:
N pIETEK

N 3
Tn= D+ o= O Y 22 o= Ji =y =8> Y kg
PRl j=11=1

, (B2)

where the 1) are the positions of the GH centers. The scaling with o/ of the coordinates
is the same as for the black hole solution

yi~ya~yz~ (@), za~ (@)Y a=5678, t~z~y~ (@) (B3)

where we have written the four-dimensional base as a GH space (2.5).
The electric charges have also the same scaling as for the black hole:

Q1 ~Qar~d, Qs ~ (/)2 (B.4)

Hence, to preserve the fact that the charges of bubbling solutions come entirely from
magnetic fluxes, the latter need to scale as

1 2 3 0

In particular, we have r? = y2 + 42 + yg, so r ~ (a/)2. At infinity in the M-theory solution
the functions Z; behave like

Qr
Ir~14 24+ ... B.6
1~ 1+ (B.6)
and so . )
Zy~— Zy ~ — Z3 ~ const . (B.7)
o o

So in the limit o/ — 0 we can ignore the constant in Z; and Zs but we should keep it in
Z3. Tt can be shown that k ~ A3 ~ (/)" which finally leads to the desired scaling

dS%IB ~ O/ . (B8)
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2
After we have taken the o/ — 0 limit we can take the large r = P \imit and switch

to four-dimensional spherical polar coordinates (4.5), with radial coordinate p, in which

we have:
2 P2 2 2 d 2
A5, ~ —L——(—dt® + dz 0,0, B.9
1B Tle( ) 1027 (B.9)
3/ Q1Q2(d9? + sin ¥dg? + cos ¥dp?) + %dsgﬂ (B.10)

where we have used the freedom to change A3 by pure gauge transformations. This metric
is indeed that of the product space AdSs x S3 x T*, where the radius of the AdSs and
the S3 is the same and is equal to (Q1Q2)1/4. So the bubbling solutions in the decoupling
limit are asymptotic to AdS3 x S® x T* and thus should be described by the D1-D5 CFT
as expected.?6

Note that the asymptotic metric in the decoupling limit of any of the BPS solutions
of section 2 is the same as the metric of the three-charge BPS black hole in the decoupling
limit. This implies that the geometries we are analyzing have a field theory description in
the same D1-D5 CFT as the three-charge black hole with identical electric charge. The
same result was found for supersymmetric black rings [15, 42].

We should also emphasize that in the decoupling limit only the three-charge black holes
and the two-charge supertubes have metrics that are everywhere locally AdS3 x S3 x T4, A
general BPS solution like a black ring or a horizonless bubbling solution will have non-trivial
geometry and topology.

C The angular momentum of the supertube

Generalities. Our goal in this appendix is to compute the angular momentum of a
supertube in the background of three-charge black holes and black rings. Once again we
will work in the D0O-D4-F1 duality frame:

\/—Z
(dt + k) 4+ \/Z1 Zods3 + VA2 .2 +,/Z (da? + da? + da + da) .
2
(C.1)

For the purpose of our calculations we can restrict without loss of generality to a (non-

dsiry =
ng/Zl 7

generic) U(1) x U(1) invariant base metric of the form:
ds? = g1(u,v)du® + go(u,v)de? + hy(u,v)dv* + ha(u,v)des (C.2)
in which the angular momentum vector has the form

k= ki(u,v)dp1 + ko (u,v)deps . (C.3)

263ee [70] for a discussion of a different decoupling limit in which some of these bubbling solutions become
dual to microstates of the MSW CFT [54]
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The solutions we consider also have RR and NS-NS fields, which have the general form

B = (Z3' = 1)dt Ndz + Z3 'k Adz — B A dz
oW = (z7r = 1)dt + z7 'k — BW (C.4)
C® = z7Yat Ak ANdz — Z3Ndt + k) A BYD Adz 4+ BO Adt A dz — fu,v)dpy Adps A dz

where the self-dual harmonic two-forms are ) = dBW) T =1,2,3 and
B — Bgl)dtpl —l—BgQ)dLPQ- (C.5)

Consider a probe supertube with world-volume coordinates & = {£0,¢1,¢2 = 6} in the
above background and suppose that the supertube is embedded as follows:

t=¢0, z =g, 01 =110, 0o = 120 (C.6)
where 0 < 0 < 27m§T and 0 < z < 27w L,. The supertube “electric” charges are:

Tpo

NPT = 222 [ dzd0F.9 = n5T Fog (C.7)

Tpo

1 2 2

NST— L [ ap <8£t"t> g7z, [ 1182(00) i hZ(u’(g)) — (nBY +v,B())

TFl aj:tz BPS ]:z0 + I/1B4p1 + 1/2B4p2
Since the background is independent of ¢; and 9, the supertube has two conserved angular
momenta: or or

ST _ tot ST _ tot
Jo = /dsz 9y JZ, = /dzd@ 9 (C.8)

One can compute them explicitly and find

2 2
ngT = ngT V1 Zago — }—29381) _ ZQBS(Z’31)< Vg2 —(i;)uz ha (3))
‘7:29 + V1B<p1 + V2B<p2
a(BYBE) ~ BUBE) +vaf(uw0)] ©9)
2 2
Jgg = 3T |1 Zohy — fzer}Q) _ ZzBSQ( Vi g2 —(i;))uth (3))
F.o + 1By + 2By,
(BB = BUBE) —vif(u0) (.10

One can also define a “total” angular momentum of the supertube, as the angular momen-

tum along the direction of the supertube

Jpor = v1dSl + v Jo) (C.11)
and one can show that
NSTNST
Jpor =Sl + 15T = ZTTB : (C.12)
2
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Flat space. For flat space we have

Zr=1, ng:Bg)—o, ki(u,v) = ka(u,v) =0, flu,v) =0,  (C.13)

5 =

and using the change of variables u = psin¥, v = pcos v one has:

g1(u,v) = hi(u,v) =1, g2 = p*sin® 0, hy = p?cos® ¥ . (C.14)
The conserved “electric” charges of the supertube are
NPT = 5T Fug (C.15)
i oy (ALt o
fz@
From these expressions one recovers the familiar radius relation of the supertube
NST ST

L =3 = p?(v¥sin® 9 + 13 cos? ) . (C.17)

(n37)?

The components of the supertube angular momentum are

Jgf = vns T p?sin® 9, (C.18)
J52T = von5 T p? cos® 9 . (C.19)
Of course we again have
NSTNST
Jpor =Sl + 5T = o §T3 (C.20)
BMPYV black hole. For a BMPV black hole we have
Qr I I J sin? ¥ J cos? 9
ZI:1+p—2, Bél):BgE:J:Ov /ﬁ:T, kg:—T,(C.Ql)
f = (Zy—1)p?cos® v, g1(u,v) = hi(u,v) =1, (C.22)
go = p*sin®?, hy = p?cos® V. (C.23)
The conserved “electric” charges of the supertube are
NPT =03 Fu,
22 5in? 9 + v2p? cos? 9
N5T = ngT (1 + @> <”1p = 2 > . C.24
These again lead to a radius relation for the supertube in the background of the BMPV
black hole S
NyP*N.
15‘7’[32 = (1 + Q—22> p?(vEsin? 9 + v3 cos? ) . (C.25)
(n3") P
The components of the supertube angular momentum are
ngT = ngT [ul <1 + %) p2 sin? 9 + 199 cos? 19] , (C.26)
JgQT = ngT [yg <1 + %) p? cos? 9 — 11Q4 cos? 19] . (C.27)

One can compare this result to the one obtained in [44] where the special case v; = n57 = 1,
vy = 0 was considered. For these special values (C.26) and (C.27) are identical to (4.4)
and (4.5) in [44].
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Three-charge BPS black ring. For a three-charge BPS black ring we have:

B R? Ry 1) B R? _ R*(1-2a?)
A e oy R by ey - e ) R A P
(C.28)

The functions, Z;, appearing in the ten-dimensional metric, the one-forms BY) and the

function f(x,y) are given by (4.25), (4.27) and (4.29) respectively. The explicit form of the

angular momentum components of the black ring, k1 (z,y) and ko(x,y), is not needed here.
The conserved “electric” charges of the supertube are

NT = n5TF.y, (C.29)

NST — nST[ Lwa(d +y) + male+ )

Zs 52 (y° =1
+ B —ye
Foo+ B(—a(c+z)+vi(d+y)) (yl (@ =)

DN | ~—
+
Wi
=y

[N}

M) (C.30)

which leads to the radius relation

[Nfg + ;nngg(m(y +d) —wvo(z+ c))] [N:;? + ;néqu(m(y +d) =z + c))- _

2
<n§T>222@]f—y)2<u%<y2 SR -a) (31

The components of the supertube angular momentum are

(y—)

‘|' V2f(xa y)

2(y -1) 2 p2 (1—2?)
—22”3(d+y)< MR TR )} (C.32)
2 Foo+ 5 (—v2(c+z) +r1(d+y))
n 1— a2
IS = T [F e o) + B~ f )
2(W?=1) | 2p2(l-a?)
+ 22”3(6+:v)< ViR e R )} (C.33)
2 Foo+ 5 (—2(c+z) +r1(d+y))
And we again have
ST ST st _ NPTNGT
Jror =wndy, +radg, = T (C.34)
2

D Units and conventions

Here we summarize some of the conventions we use in this paper (see [68, 71] for
more details).
The tensions of the extended objects in string and M-theory are:

1 1 1

Tpy = T = Tyes =
F1 Dp gg(QW)p(ls)p+1 ) NS5 92(27T)5(ls)6 ’

2ral’
1 1

Ty = ———=, Tys=-———"

M2 23 M T @2m)B(in)®
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where o/ = 12, I, is the string length, g, is the string coupling constant (in the particu-
lar duality frame in which one works) and [p is the D-dimensional Planck length. The
Newton’s constant in different dimensions is

167Gy = (2m)%(111)°, 167G = (2m)"(gs)2(1s)%,  167Gp = (20)P3(1p)P 2.
(D.3)
One can show that
= g1, = g3 ()2 (D.4)

T-duality along a circle of radius R changes the coupling constants to:

~ o - ls -
RZEa gS:E987 lszls- (D5)
where R is the radius after T-duality:
When one compactifies M-theory on a circle of radius Lg, the coupling constants of
the resulting type IIA string theory satisfy:

Lg = gsls . (D6)

If one compactifies M-theory on a T (along the directions 5,6,7,8,9,10) and the
radius of each circle is L; (i = {5,6,7,8,9,10}), the five-dimensional Newton’s constant is
G G 7T (I11)?

= = = — . D.7
UOZ(TG) (27T)6L5L6L7L8L9L10 4 L5L6L7L8L9L10 ( )

Gs

The relations between the number of M2 and M5 branes, Ny and njy, and the physical
charges of the five-dimensional solution obtained by compactifying M-theory on a T, Q7

and ¢y, are

(l)° (ln)° (ln)°

@1 Tlslol U Q2 TiloLolw 2 Q3 TaleLoLs '3 (D.8)
(ln)? (ln)? (ln)?

= = = . D.9
Q=T o 9= T 0" (D.9)

We will choose a system of units in which all three T2 are of equal volume
LsLg = L7Ls = LoL1g = (I11)® = g1, (D.10)

note that this is a numerical identity and is not dimensionally correct since g5 is dimen-
sionless. With this choice we will have

Gs = —, Qr = Nr, qr =mng . (D.11)

e~

and these identities hold in every duality frame we use in the paper. Furthermore we
will choose
gsls = 1. (D.12)
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Since we are compactifying M-theory on Lg we will have Lg = gsls = 1 and Lyig = [2, this
implies (note that throughout the paper we put Lig = L)
Tpo=1,  2nTeLip=1,  and Ty (D.13)
T
We have fixed I, = g; ! so that a lot of the various brane tension factors, appearing in the
probe supertube calculations throughout the paper, cancel. Note that with our choices g,

is still a free parameter but we have fixed the volume of the compactification torii.
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